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Introduction
.



Bayesian Inference
.

Most scientific questions fall under the category of inverse problems, in which one is re-
quired to infer causes from data in the face of incomplete information.

No unique solution exists and so additional constraints must be imposed (regularisation)
to select the most plausible cause that explains the data.

This can be achieved by introducing any available prior information about the problem
while drawing inferences.

Bayesian inference provides a mathematically consistent way of doing this by using Bayes'
theorem to update one's beliefs about propositions as more information becomes avail-
able.
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Bayes' Theorem
.

In the Bayesian formalism, probability is interpreted as the degree of belief in a proposi-
tion.

Cox's desiderata for logical consistency and the basic quantitative rules for inference: the
product rule and the sum rule (Jaynes, 2003).

P(A,B|I) = P(A|I)P(B|A, I) = P(B|I)P(A|B, I) [Product Rule]
P(A|B, I) + P(A |B, I) = 1 [Sum Rule]

Rearranging the product rule, we get Bayes' theorem:

P(A|B, I) = P(A|I)P(B|A, I)
P(B|I)
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Levels of Inference
.

Two levels of inference (Mackay, 2003):

1. Parameter Estimation:

P(Θ|D,H, I) = P(Θ|H, I)P(D|Θ,H, I)
P(D|H, I)

P(Θ|H, I) is the prior, which encodes our beliefs (as distributions) about the
parameters prior to the inference.
P(Θ|D,H, I) is the posterior, which describes how the data, D, modify our prior
beliefs.
P(D|Θ,H, I) ≡ L(Θ|D,H) is the likelihood, which is a function of Θ given D.
P(D|H, I) ≡ Z is the marginal likelihood or the evidence, which is the expectation of
the likelihood over the prior.
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Levels of Inference
.

2. Model Selection:
Determine the relative probabilities of alternative hypotheses given the data.

P(H|D, I) = P(H|I)P(D|H, I)
P(D|I)

Given two models H1 and H2, we may define a model selection ratio between the
posteriors of the two models as

P(H1|D, I)
P(H2|D, I)

=
Z1
Z2

P(H1|I)
P(H2|I)

= B12
P(H1|I)
P(H2|I)

The ratio of the evidences, B12, is known as the Bayes factor; usually expressed in
log-odds form.
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Ockham's Razor
.

Bayesian model selection automatically incorporates Ockham's razor.

Favours the best-fit model which occupies the least volume of the parameter space (sim-
plicity).

Figure 1: The simpler model H1 predicts the data in the region C1 more strongly than does the more
complex model H2. If the data fall inside C1, then H1 will be the more probable model (Mackay,
2003). 5



Visibility Analysis
.



Why visibilities?
.

Statistical visibility analysis complements and, if applied judiciously, can improve on tra-
ditional imaging and deconvolution.

• Measurements are made in the visibility domain.
• Imaging is difficult

• for interferometers with sparse uv-coverage.
• when the instrumental calibration is poor.

• Biased parameter and inadequate uncertainty estimates.
• Estimating errors

• Visibility measurements are mostly independent and Gaussian.
• Fourier transform correlates systematic errors that are localised in the uv-domain.

• An image is one possible realisation out of many.
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Radio Interferometer Measurement Equation (RIME)
.

Unifies the Stokes parameter representation of electromagnetic waves with the technique
of radio interferometry (Hamaker et al., 1996). The generic RIME can be written as

Vpq = Gp

(∑
s

EspKsp Bs KHsq EH
sq

)
GH
q

Vpq is the 2× 2 matrix of visibilities measured by the baseline pq.

Bs is the brightness matrix given by

Bs =
(
I+ Q U+ iV
U− iV I− Q

)

Ksp is the scalar phase delay matrix.

Esp are the direction-dependent effects (DDEs) and Gp, the direction-independent effects
(DIEs). 7



Software Used
.

We use

• The MeqTrees software suite (Noordam & Smirnov, 2010) for simulations.
• MultiNest (Feroz & Hobson, 2008), for computing the posteriors and the Bayesian
evidence.

• Accepts user-written functions for prior and likelihood computation.

• Montblanc, a GPU-implementation of the RIME to facilitate fast likelihood
computation (Perkins et al., 2015).

• Implemented in Python and uses PyCUDA with a numpy-like API.
• 250x faster than MeqTrees.
• Available at https://github.com/ska-sa/montblanc.
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Software Used - Algorithm Flow
.

Figure 2: Algorithm flow with Montblanc. Input is indicated by green, computation by red, and
output by blue. 9



Applications
.



Application 1: Super-resolution
.



Super-resolution
.

Proof of concept presented in Bayesian Inference for Radio Observations (BIRO, Lochner
et al., 2015) using Westerbork Synthesis Radio Telescope (WSRT) simulations.

The commonly used criterion for angular resolution of an optical system is the Rayleigh
limit given by λ/D.

Angular resolution beyond the diffraction limit can be obtained by introducing a priori
information about the source brightness distribution.

Theoretical limits for specific brightness-distribution templates have been derived for in-
terferometers by Lobanov (2005) and Martí-Vidal et al. (2012).
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WSRT Simulations
.

Simulation details:
• 12 hour total observation time.
• 30 second integration time.
• Frequency of 1.4 GHz.
• Channel bandwidth of 512 kHz.
• Gaussian thermal noise of 0.1 Jy /
visibility.

• Image plane signal-to-noise ratio (SNR)
of 103 : 1.
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Models Considered
.

Parametrisation:

• Flux Density, Sν
• Position, (l,m)

• Shape, (lproj,mproj,min/maj)
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Bayesian Model Selection
.

We tested each simulation against all three source models.

Retrieved all simulated source parameters to a high accuracy and precision.

The relative evidences of models are expressed in natural logarithmic scale as 2 ln(B12),
where B12 is the ratio between the evidences of models 1 and 2.

We found that the evidence for the correct sky model is very strong (> 10) according to
Jeffrey's criterion (Kass & Raftery, 1995):

Data / Model Point Gauss 2-Point
Point 1:1 15:1 11:1
Gauss 2E5:1 1:1 4E3:1
2 Point 4E5:1 35:1 1:1
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Application 2: Calibration
Uncertainties
.



Very Long Baseline Interferometry (VLBI) Observations (+ Dr. Zsolt Paragi)
.

An et al. (2016) observed the blazar CGRaBS J0809+5341 (henceforth J0809+5341) following
a bright optical flare in April 2014, to study possible changes in its structure.

One of these follow-up observations was made using the European VLBI Network (EVN) in
Nov., 2014, for 2 hours at a frequency of 5 GHz.

8 stations participated in the observation - 7 in Europe and 1 in Sheshan, Shanghai.

They detected a previously known milli-arcsecond scale core, but found no sign of any
extended jet structure.

We analysed the flagged and self-calibrated visibilities of this observation using Bayesian
inference.
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Imaging J0809+5341
.

• Naturally-weighted image of the
self-calibrated visibilities made using
lwimager.

• PSF used for restoration by CLEAN:
5.7× 2.2 milli-arcseconds @ 21.7◦.

• Flux density of 0.161 Jy.
• RMS noise in the image is 0.05 mJy.
• SNR of 3E3:1.
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Calibration Issues
.

• The short observation time (∼ 2 hours)
limits the uv-coverage.

• The longest baselines are provided by
the Sheshan station (SH) in Shanghai.

• SH does not have any short baselines
which makes its gain calibration
difficult.
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Bayesian Inference - Models Considered
.

We considered three models which are conventionally used in VLBI:

• Point (PT)
• Circular Gaussian (CIRC)
• Elliptical Gaussian (GAU)

The source parametrisation remains the same as in the WSRT case: flux density, position,
and shape.

In addition, we also account for some important instrumental parameters:

• One gain amplitude term per station, |gs|.
• One SEFD term per station, SEFDs, to account for the baseline-dependent visibility
noise.
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Bayesian Inference - The RIME used
.

Accounting for the above parameters, the RIME used for the likelihood computation be-
comes

Vpq = Gp Xpq GHq +N (0, σ2pq)

where Gp are the station gain terms,
Xpq is the source coherency matrix, and
N (0, σ2pq) is the additive noise per visibility.

σpq is given by the radiometer equation

σpq =

√
SEFDp x SEFDq√

δν τ

where δν is the bandwidth and τ is the integration time.
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Bayesian Inference - Priors
.

Uniform prior distributions for all parameters:

Parameter (units) Prior distribution
Sν (Jy) [0.1, 0.2]
l&m (mas) [-4, 4]
lp (mas) [0, +4]
mp (mas) [-4, +4]
min/maj [0, 1]
|gp|, where p ̸= EF [0.8, 1.2]
SEFD (Jy) [5, 800]
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Bayesian Inference - Model Selection Results
.

The Bayesian model selection returns very strong (> 10, Jeffrey's criterion) evidence in
favour of the elliptical Gaussian source morphology.

• GAU/PT is 21.0 ± 0.8
• GAU/CIRC is 26.0 ± 0.8
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Bayesian Inference - Parameter Estimation Results for GAU
.

• The station gain amplitudes are
correlated negatively with the flux
density.

• gsh is correlated highly with emaj and
emin.

• gnt is also correlated with emaj and emin.
• Without the SH baselines, the evidence
favours PT, but only slightly.
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Bayesian Inference - Posteriors for GAU parameters
.

• Measurements involving SH : Resolved
source structure + calibration
uncertainties.

• Providing short baselines for SH will
reduce these uncertainties.

• To compare: DIFMAP point estimate for
source size is 0.31±0.06 (An et al., 2016).
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Bayesian Inference - Brightness Temperature Distribution
.

• The brightness temperature, Tb, is given
by

Tb = 1.22 Sν
ν2 emajemin

(1+ z) 1012 K

• The 68 per cent credible region (red)
places Tb between 0.17× 1012 K and
0.36× 1012 K.

• This enhanced Tb is a consequence of
Doppler boosting (Kellerman & Owen,
1988).
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A Bayesian Criterion for the Resolution Limit
.

The maximum theoretical over-resolution power of an interferometer is given by (Martí-
Vidal et al., 2012)

θM = β

(
lc

2(SNR)2

)1/4
× FWHM

In the Bayesian approach, we set an equivalent quantity, θB, to the size at which the evi-
dence for CIRC against PT turns positive according to Jeffrey's criterion i.e., 2 ln(B12) > 2.

Mock-observed simulated circular Gaussian sources using this EVN array.

SNR θM (mas) θB (mas) θB/FWHM Tb/Sν (1012 K/Jy)
150 0.42 0.45 0.13 0.763
2000 0.11 0.29 0.09 1.837
5900 0.07 0.17 0.05 5.347
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The Future
.



Challenges
.

Evidence computation is costly - MultiNest can handle only a few tens of parameters (∼ 30)
efficiently.

PolyChord is a promising option - 100s of dimensions (Handley et al., 2015a,b).

Execution times for large data sets - ∼ 15 hours to estimate 30 parameters for 12000 2× 2
complex visibilities with a Tesla K40 GPU (2880 CUDA cores).

More complex sky models.

HOLMES (HOListic* Model Evaluation and Selection)

• A more evolved version of the BIRO code written in Python.
• More modular and object-oriented.

*Conditions apply.
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More Applications
.

• Resolving compact sources - SKA-VLBI, EHT
• Astrometry
• DIEs and DDEs - time- and frequency-varying instrumental effects
• Polarisation studies
• Time- and frequency-varying sources
• Noise estimation
• …
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Questions?
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