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Phase Noise and 
Wavelet (Allan) Variance
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Physical Quantities
v(t) = V0 [1 + �(t)] cos [2⇤⇥0t + ⌅(t)]

Allow φ(t) to exceed ±π and count the number of turns, 
so that φ(t) describes the clock fluctuation in full
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Sᵩ(ƒ) and 𝓛(ƒ)
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L (f) =
1

2
S'(f)

The IEEE Std 1139-1999 defines 𝓛(ƒ) as

The problem with this definition is that it does not divide AM noise 
from PM noise, which yields to ambiguous results v0+fv0 v

N

B
P0The obsolete definition of 𝓛(ƒ) is

Phase noise PSD Sᵩ(ƒ)

Units
Sφ  –>  [rad2/Hz]    
10 Log10(Sφ)  –>  [dBad2/Hz] 

Units
10 Log10(𝓛)  –>  [dBc/Hz]
Unit of angle √2 rad ≈ 80º  (𝓛)dB   =   (Sφ)dB – 3 dB 

L (f) =
SSB power in 1 Hz band

carrier power

S'(f) = F {C''(⌧)} (Autocovariance)

S'(f) = E {�(f)�⇤(f)} (WK theorem)

S'(f) ⇡ 1
T h�(f)�⇤(f)im (measured)



Model which is useful to describe the close-in noise 
• Oscillator PM:  Sᵩ(ƒ) = … + b–4/ƒ4 + b–3/ƒ3 + b–2/ƒ2 + b–1/ƒ + b0 
• Oscillator FM:  Sy(ƒ)  = … + h–2/ƒ2 + h–1/ƒ  +  h0      + h1ƒ    + h2ƒ2 

• Oscillator AM:  Sα(ƒ)  = h–1/ƒ + h0  (chiefly, but not only) 
• 2-port device PM:    Sᵩ(ƒ) = b–1/ƒ + b0  (chiefly, but not only) 
• 2-port device AM:    Sα(ƒ) = h–1/ƒ + h0  (chiefly, but not only)

Polynomial Law
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Phase Noise 
Exemples
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Jitter – Time Fluctuation
• Convert phase noise PSD into Sx(ƒ)  

Phase-Time PSD 
• Integrate over the suitable bandwidth 
• Jitter bandwidth: 
• lower limit is set by the “size” of the system 
• upper limit is set by the circuit bandwidth
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Flicker Never Diverges
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P =
� b

a
S(f) df

1/a = 4.3x1018 s (age of universe) 
1/b = 5.4x10–44 s  (Planck time) 
log2(b/a) = 205.6 (bits) 
ln(b/a) ≈ 142.5  (21.5 dB)

b/a = 1E6 

P =

Z b

a

h�1

f
df = h�1 ln

b

a

However
Flicker introduces time correlation between samples 
(up to 1µs–1ms) and the averaging law 1/√N is gone



Allan Variance
definition

wavelet-like
variance

the Allan variance differs from a wavelet variance 
in the normalization on power, instead of on 
energy
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Phase Noise to AVAR Conversion
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Allan variance 
(two-sample wavelet-like variance)

approaches a half-octave bandpass filter (for white noise), 
hence it converges even with processes steeper than 1/f
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Allan Deviation – Examples
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Phase Noise in Devices
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Additive VS Parametric Noise
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Amplifier White and Flicker Noise
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The corner frequency fc, sometimes specified 
in data sheets is a misleading parameter 

because it depends on P0

file: amp-flicker-fc
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Phase noise vs. power
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• The 1/f phase noise b–1 is about independent of power 
• The white noise b0 scales as the inverse of the power 
• The corner frequency is misleading because it 

depends on power 210 103
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−110

1

−130

−120

−100

P
h

as
e 

n
o

is
e,

 d
B

ra
d

/H
z

2

1 510410 10

P=−50dBm

P=−80dBm

P=−80dBm

P=−70dBm
P=−60dBm
P=−50dBm

P=−70dBm

Amplifier X−9.0−20H at 4.2 K
Data from IEEE UFFC 47(6):1273 (2000)P=−60dBm

R. Boudot, PhD thesis 
Measured at LAAS

E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008, ISBN 978-0521-88677-2



total white noise

Opto-Electronic Delay Line
16162 E. Rubiola Phase Noise . . . in Oscillators March 5, 2008
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Figure 5.17: Photonic delay-line oscillator.

Introducing the amplifier power-law model S⇥(f) = b0 + b�1
f , limited to white

and flicker noise, we get

S⇤(f) = b0
�2

m

4⇥2m2

1
f2

+ b�1
�2

mb�1

4⇥2m2

1
f3

. (5.76)

The fractional-frequency fluctuation spectrum Sy(f) is found by using Sy(f) =
f2

�2
m

S⇤(f). Thus,

Sy(f) = b0
1

4⇥2m2

1
f2

+ b�1
1

4⇥2m2

1
f3

. (5.77)

After matching the above to the power-law Sy(f) =
�

i hif i, we find

h0 =
b0

4⇥2m2
(5.78)

and

h�1 =
b�1

4⇥2m2
. (5.79)

Using Table 1.4, the Allan variance is

⇤2
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⇥
1/⌅2
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⇤
+

b0

4⇥2m2

1
2⌅

+
b�1

4⇥2m2
2 ln(2) . (5.80)

5.8 Examples

Example 5.1 Photonic delay-line oscillator.
We analyze the photonic delay-line oscillator of Fig. 5.17, based on the

following parameters, and inspired to the references [29] and [109]

shot noise

P (t) = P (1 + m cos !µt)

i(t) =

q⌘

h⌫
P (1 + m cos !µt)

Pµ =
1
2

m2R0

⇣ q⌘

h⌫
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P 2
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Ns = 2
q2⌘
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PR0

thermal noise Nt = FkT0

S'0 =
2

m2

"
2
h⌫�

⌘

1
P

+
FkT0

R0

✓
h⌫�

q⌘

◆2 ✓
1
P

◆2
#shot thermal

• ampli:  GaAs: b–1 ≈ –100 to –110 dBrad2/Hz,  
SiGe: b–1 ≈ –120 dBrad2/Hz
• photodetector  b–1 ≈ –120 dBrad2/Hz  

[Rubiola & al. MTT/JLT 54(2), feb. 2006
• (mixer  b–1 ≈ –120 dBrad2/Hz

flicker phase noise

Optical-fiber  phase noise?
Still an experimental parameter

S!0 =
2

m2!2
h"#

$

1

P̄#

+
FkBT0

R0
"h"#

q$
#2" 1

P̄#

#2$ . %15&

Equation (15) holds for one arm of Fig. 3. As there are two
independent arms, noise power is multiplied by two. In
addition, it is convenient to redefine P̄# as the total input
power, half of which goes to the detector input. Account-
ing for the two arms and changing P̄#→ P̄# /2, the phase-
noise floor of the entire block is

S!0 =
16

m2!h"#

$

1

P̄#

+
FkBT0

R0
"h"#

q$
#2" 1

P̄#

#2$ . %16&

Interestingly, the noise floor is proportional to %P̄#&−2 at
low power and to %P̄#&−1 above the threshold power

P#,t =
FkBT0

R0

h"#

q2$
. %17&

For example, taking "#=193.4 THz (wavelength #
=1.55 %m), $=0.6, F=1 (noise-free amplifier), and m=1,
we get a threshold power P#,t=689 %W, setting the noise
floor at S!0=9.9&10−15 rad2/Hz %−140 dB rad2/Hz&.

When the mixer is used as a phase-to-voltage converter,
saturated at both inputs, its noise is chiefly the noise of
the output amplifier divided by the conversion gain k!.
Assuming that the amplifier noise is 1.6 nV/'Hz (our low-
flicker amplifiers, input terminated to 50 ') and that k!

=0.1 V/rad (conservative with respect to P%), the
mixer noise is approximately 2.5&10−16 rad2/Hz
%−156 dB rad2/Hz&. In practice, the mixer noise can
hardly approach the noise of the microwave amplifier be-
cause of the gain of the latter. The microwave gain, hid-
den in Eq. (16), is not a free parameter. Its permitted
range derives from the need of operating the mixer in the
saturation region, below the maximum power.

Figure 5 shows the noise floor S!0 as a function of the
total optical power for some reference cases.

B. Modulation Index
For a given cw laser power, the condition of maximum mi-
crowave power at the angular frequency (% is that of a
square wave of the same frequency that switches sym-
metrically between 0 and 2P̄#. This is equivalent to re-
placing the term m cos (%t in Eq. (10) with a unity square
wave that flips between ±1. In our case the unity square
wave can be expanded in a Fourier series truncated after
the first term, because the higher harmonics ((=n(%,
with integer n)2) are not in the passband of the micro-
wave chain. Thus the unity square wave is replaced with
sinusoid of angular frequency (% and amplitude 4/*.
Therefore the square-wave modulation is equivalent to a
sinusoidal modulation with a modulation index m=4/*
(1.273. m+1 is no contradiction with the traditional
modulation theory; it only means that harmonic distor-
tion is present.

A more interesting case is that of the electro-optic
modulator (EOM), which is used in virtually all photonic
oscillators and as the modulator in the experiments de-
scribed in Section 6. The EOM transmission, as a function
of the driving voltage ,%t&, is

T =
1

2
+

1

2
sin

*,

V*

, %18&

where V* is the half-wave voltage of the modulator. When
the driving signal is ,%t&=Vp cos (%t, the transmission be-
comes

T%t& =
1

2!1 + 2J1"*Vp

V*
#cos (%t + . . . $ , %19&

where J1 is the first-order Bessel function of the first
kind. Equation (19) derives from the zeroth term of the
series expansion

sin%z cos -& = 2)
k=0

.

%− 1&kJ2k+1 cos*%2k + 1&-+. %20&

The neglected terms “…” of Eq. (19) are higher harmonics,
of angular frequency n(%, integer n)2. They also ensure
0/T/1. Equation (19) has the same form as Eq. (10),
hence the modulation index is

m = 2J1"*Vp

V*
# . %21&

The maximum is m(1.164, which occurs at Vp
=0.586 V*.

Harmonic distortion could be avoided if m is kept
small, but there is no advantage, because harmonic dis-
tortion has no first-order effect on noise (shot and ther-
mal). On the other hand, the optical power is limited by
saturation in the photodetector. A large m is therefore the
only means to increase the microwave power, thus the
signal-to-shot-noise ratio. In practice, the microwave
power and the dc bias of the EOM are sometimes difficult
to set and maintain at the maximum modulation index.
This is due to the possibility for bias drift and to the ther-
mal sensitivity of the lithium niobate. Hence, we take m
=1 as the maximum, being aware that this may be some-
what optimistic.

Fig. 5. Noise floor as a function of the optical power. The thresh-
old power depends on the noise figure F.

Rubiola et al. Vol. 22, No. 5 /May 2005/J. Opt. Soc. Am. B 991
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Photodetector 1/f noise
• the photodetectors we measured are 

similar in AM and PM 1/f noise
• the 1/f noise is about -120 dB[rad2]/Hz
• other effects are easily mistaken for the 

photodetector 1/f noise 
• environment and packaging deserve 

attention in order to take the full benefit 
from the low noise of the junction

17

Figure 2: Example of measured spectra Sα(f) and Sϕ(f).

modulator (EOM) is rejected. The amplitude noise of the source is rejected
to the same degree of the carrier attenuation in ∆, as results from the general
properties of the balanced bridge. This rejection applies to amplitude noise and
to the laser relative intensity noise (RIN).

The power of the microwave source is set for the maximum modulation index
m, which is the Bessel function J1(·) that results from the sinusoidal response of
the EOM. This choice also provides increased rejection of the amplitude noise of
the microwave source. The sinusoidal response of the EOM results in harmonic
distortion, mainly of odd order; however, these harmonics are out of the system
bandwidth. The photodetectors are operated with some 0.5 mW input power,
which is low enough for the detectors to operate in a linear regime. This makes
possible a high carrier suppression (50–60 dB) in ∆, which is stable for the
duration of the measurement (half an hour), and also provides a high rejection
of the laser RIN and of the noise of the ∆ amplifier. The coherence length of
the YAG laser used in our experiment is about 1 km, and all optical signals in
the system are highly coherent.

3 Results

The background noise of the instrument is measured in two steps. A first value
is measured by replacing the photodetectors output with two microwave signals
of the same power, derived from the main source. The noise of the source is
rejected by the bridge measurement. A more subtle mechanism, which is not
detected by the first measurement, is due to the fluctuation of the mixer offset
voltage induced by the fluctuation of the LO power [BMU77]. This effect is

5

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the

7
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B: background noise
P: photodiode noise
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optical connectors and no 
isolators
B: background noise
P: photodiode noise

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the
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Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the

7

F: after bending a fiber, 1/f 
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unpredictably
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P: photodiode noise

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the
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Physical phenomena in optical fibers
Birefringence. Common optical fibers are made of amorphous Ge-doped silica, for an ideal fiber is not expected to be birefringent.  
Nonetheless, actual fibers show birefringent behavior due to a variety of reasons, namely: core ellipticity, internal defects and forces, 
external forces (bending, twisting, tension, kinks), external electric and magnetic fields. The overall effect is that light propagates 
through the fiber core in a non-degenerate, orthogonal pair of axes at different speed. Polarization effects are strongly reduced in 
polarization maintaining (PM) fibers.  In this case, the cladding structure stresses the core in order to increase the difference in 
refraction index between the two modes.

Polarization mode dispersion (PMD).  This effect rises from the random birefringence of the optical fiber.  The optical pulse can choose 
many different paths, for it broadens into a bell-like shape bounded by the propagation times determined by the highest and the lowest 
refraction index. Polarization vanishes exponentially along the light path. It is to be understood that PMD results from the vector sum 
over multiple forward paths, for it yields a well-shaped dispersion pattern.

Bragg scattering.  In the presence of monocromatic light (usually X-rays), the periodic structure of a crystal turns the randomness of 
scattering into an interference pattern.  This is a weak phenomenon at micron wavelengths because the inter-atom distance is of the 
order of 0.3--0.5 nm.   Bragg scattering is not present in amorphous materials.

Brillouin scattering.  In solids, the photon-atom collision involves the emission or the absorption of an acoustic phonon, hence the 
scattered photons have a wavelength slightly different from incoming photons.  An exotic form of Brillouin scattering has been reported 
in optical fibers, due to a transverse mechanical resonance in the cladding, which stresses the core and originates a noise bump on the 
region of 200--400 MHz.

Raman scattering.  This phenomenon is similar to Rayleigh scattering, but it involves the optical branch of phonons.

Rayleigh scattering.  This is random scattering due to molecules in a disordered medium, by which light looses direction and 
polarization.  In SM fibers at 1.55 µm  it contributes 0.15 dB/km to the optical loss.

Double Rayleigh scattering.  A small fraction of the light intensity is back-scattered, and in turn a (small)2 fraction is forward scattered.  
This is a stochastic to-and-fro path, which originates phase noise.

Kerr effect.  This effect states that an electric field changes the refraction index.  So, the electric field of light modulate the refraction 
index, which originates the 2nd-order nonlinearity.

Discontinuities.  Discontinuities cause the wave to be reflected and/or to change polarization.  As the pulse can be split into a pulse 
train depending on wavelength, this effect can turn into noise.

Group delay dispersion (GVD). There exist dispersion-shifted fibers, that have a minimum GVD at 1550 nm.  GVD compensators are also 
available. 

PMD-Kerr compensation.  In principle, it is possible that PMD and Kerr effect null one another.  This requires to launch the appropriate 
power into each polarization mode, for two power controllers are needed.  Of course, this is incompatible with PM fibers.

Which is the most important effect?  In the community of optical communications, PMD is considered the most significant effect.  Yet, 
this is related to the fact that excessive PMD increases the error rate and destroys the eye pattern of a channel.  In the case of the 
photonic oscillator, the signal is a pure sinusoid, with no symbol randomness.
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Basic Noise Mechanisms

• The 𝞅-type noise noise may show up or not, depending 
on input noise and SR 
• At the comparator out, the edges attain full SR and 

bandwidth of the technology 
• Complex distribution –> independent fluctuations add up 

x(t) = ∑i xi(t)     and    <x2(t)> =  ∑i <xi2(t)>

19
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Aliasing Mechanism

White noise 
• The variance σ2 is independent 

of frequency 
• Parseval theorem applies 

   σ2  =  b0 B = b0 ν0   
• Aliasing  –>  higher phase noise 

at lower carrier frequency
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The Volume Law!
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Phase Noise in 
Synthesizers and  

Linear Time-Invariant Systems

22



The Noise-Free Synthesizer
• The noise-free synthesizer propagates the jitter x (phase time) 
• So, it scales the phase φ as N/D,  
• and the phase spectrum Sφ as (N/D)2 

• Sampling (digital circuits) is accounted for separately 
• In dividers (N/D<<1), the output noise may hit 
• the thermal floor 
• the noise of the output stage
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output
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output stage

output signal

noiselessreal
bu�er divider

real
bu�er

OUTIN

ffc

Figure 3.5: The phase noise of a divider chain is often due to the output stage
of the final divider.

The phase noise parameter of the divider is S�(f) taken at the output2

The divider scales down the input phase noise. Unfortunately, this feature
can only be exploited partially in practice because the output phase noise can
not be lower than the phase noise of the output front-end. Figure 3.5 shows
a typical example, in which a divider is driven with a high stability oscillator.
Even using a low noise divider, at high frequencies the output noise is inevitably
that of the divider output. Conversely, at low frequencies the oscillator noise is
of the frequency-flicker type (slope 1/f3), while the divider noise remains phase
flickering (slope 1/f), for the noise reduction by d2 can always be achieved.3

The general formulae for m cascaded dividers (Fig. 3.6)4 are

�o =
m⇥

j=0

�j

m⇤

k=j+1

1
dk

(3.17)

and

S� o(f) =
m⇥

j=0

S� j(f)
m⇤

k=j+1

1
d2

k

(3.18)

For a quick evaluation, it is often useful to sketch the spectrum of the output
stage and of the input signal, the latter divided by

�m
k=1 d2

k, as exemplified in
Fig. 3.5, and to identify the cuto� frquency fc that divides the region of divider
noise from the region of scaled input noise.

2It is common practice is to describe the divider with the output noise. Using the equivalent
input noise leads to simpler formulae, but the numerical values can be amazingly low. Should
I change the text?

3I should explain why the divider noise can not have a slope higher than 1.
4Remove this figure?



Resonator Impulse Response
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—  or  —

Can’t figure out a δ(t) of phase or amplitude?   Use Heaviside (step) u(t) and differentiate

And a general method to solve 
phase noise problems



LTI Systems —> Transfer Function

• The effect of a delay line is shown 
• All signals are the Laplace transform of the phase 

in the actual circuit 
• This pattern is useful for the synchronization in 

the presence of a delay
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−
Σ kϕ

−se τ

Φo(s)
Φi(s) Vo(s) kϕΦo(s)=

Φo(s) τ−s(1−e )Φ i(s)=

mixer

+

ment and its equivalent in the Laplace transform domain.
by inspection of Fig. 3,

!o!s" = H"!s"!i!s", !4"

where H"!s"=1−exp!−s#". Turning the Laplace trans-
forms into power spectra Eq. (4) becomes

S"o!f" = #H"!jf"#2S"i!f", !5"

where

#H"!jf"#2 = 4 sin2!$f#". !6"

The spectrum of frequency fluctuation Sy!f" is related to
S"!f" through

Sy!f" =
f2

%0
2S"i!f". !7"

Combining Eqs. (5) and (7), we get

Sy!f" = #Hy!jf"#2S"i!f", !8"

where

#Hy!jf"#2 =
4%0

2

f2 sin2!$f#". !9"

Equation (5) is used to derive the phase noise S"i!f" of the
oscillator under test. Alternatively, Eq. (7) is used to de-
rive the frequency noise Sy!f". We prefer S"!f", indepen-
dent of how the final results will be expressed, because
the background noise of the instrument appears as S"!f".

Figure 4 shows the transfer functions #H"!jf"#2 and
#Hy!jf"#2 for %0=10 GHz and #d=10 &s (2-km delay line),
which is typical of our experiments. For f→0, it holds
#H"!jf"#2$ f2. Fortunately, high slope processes such as
flicker of frequency dominate in this region (see Fig. 1),
which compensates #H"!jf"#2. The phase-noise measure-
ment is therefore possible, providing that the delay #d can
be appropriately chosen. #H"!jf"#2, as well as #Hy!jf"#2, has
a series of zeros at f=n /#d, with integer n'1. The experi-
mental results are not useful in the vicinity of these zeros.
At the beginning of our experiments we hoped to recon-
struct the spectrum beyond the first zero at f=1/#d by ex-
ploiting the maxima at f= !2i+1" / !2#d" (integer i'1). This

turned out to be difficult. One problem is the resolution of
the FFT analyzer, as the density of zeros increases on a
logarithmic scale. Another problem is the presence of
stray signals in the measured spectrum, which make un-
reliable the few data around the maxima. The practical
limit is about f=0.95/#d, where #H"!jf"#2=−16 dB, and at
most some points around f=3/ !2#d" between the first and
second zeros.

4. SOURCES OF NOISE
The basic block for photonic phase-noise measurements is
shown in Fig. 3(a). In normal operation the random phase
"!t" results from the fluctuations of the input frequency.
In this section we analyze the sources of noise of the
block, since "o!t" is acquired form the noise of electrical
and optical components.

The power P(!t" of the optical signal is sinusoidally
modulated at the microwave angular frequency )& with a
modulation index m

P(!t" = P̄(!1 + m cos )&t". !10"

Here, we use the subscripts ( and & for “light” and “mi-
crowave,” and the overbar to denote the average. Equa-
tion (10) is similar to the traditional amplitude modula-
tion of radio broadcasting, but optical power is modulated
instead of rf voltage. In the presence of a distorted (non-
linear) modulation, we take the fundamental of the modu-
lating signal, at )&.

The detector photocurrent is

i!t" =
q*

h%(

P̄(!1 + m cos )&t", !11"

where q=1.602+10−19 C is the electron charge, * is the
quantum efficiency of the photodetector, and h=6.626
+10−34 J/Hz the Planck constant. Only the ac term
m cos )&t of Eq. (11) contributes to the microwave signal.
The microwave power fed into the load resistance R0 is
P̄&=R0iac

2 , hence

P̄& =
1

2
m2R0% q*

h%(
&2

P̄(
2. !12"

A. White Noise
The discrete nature of photons leads to the shot noise of
power spectral density Ns=2qiR0 [W/Hz] at the detector
output. By virtue of Eq. (11),

Ns = 2
q2*

h%(

P̄(R0. !13"

In addition, there is the equivalent input noise of the am-
plifier loaded by R0, whose power spectrum is

Nt = FkBT0, !14"

where F is the noise figure of the amplifier, kB=1.38
+10−23 J/K is the Boltzmann constant, and T0 is the tem-
perature. The white noise Ns+Nt turns into a noise floor
S"0= !Ns+Nt" /P& of S"!f". By use of Eqs. (12)–(14), the
floor is

Fig. 4. Transfer functions #H"!jf"#2 and #Hy!jf"#2 plotted for %0
=10 GHz and #d=10 &s.

990 J. Opt. Soc. Am. B/Vol. 22, No. 5 /May 2005 Rubiola et al.

10 GHz, 10 μs≈ sτΦ for  sτ<<1



The Leeson Effect 
Phase Noise and Frequency Stability in 

Oscillators
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Low-Pass Representation of AM-PM Noise

27

PM AM

Leeson Effect extension of the LE to AM noise
The amplifier 
– “copies” the input phase to the out 
– adds phase noise

The amplifier 
– compresses the amplitude 
– adds amplitude noise
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E. Rubiola & R. Brendel, arXiv:1004.5539v1, [physics.ins-det] 
E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008–2012

http://arxiv.org/abs/1004.5539v1


Leeson effect
28

definition

general 
feedback 
theory

Leeson 
effect

complex plane transfer function
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• kT0 = 4×10–21 W/Hz (–174 dBm/Hz) 
• floor –146 dBrad2/Hz, guess F = 1.25 (1 dB) => P0 = 2 µW (–27 dBm) 
• ƒL = 4.3 MHz,  ƒL = ν0/2Q  =>  Q = 1160 
• ƒc = 70 kHz,  b–1/ƒ = b0  =>  b–1 = 1.8×10–10 (–98 dBrad2/Hz) [sust.ampli] 
• h0 = 7.9×10–22  and  h–1 = 5×10–17  =>  σy = 2×10–11/√τ + 8.3×10–9

From the table

σ2y = h0/2τ+2ln(2)h–1                

h0 = b–2/ν20  

h–1 = b–3/ν20    



Example – Oscilloquartz 8607 30

F=1dB  b0 => P0=–20 dBm (b–3)osc     =>   σy=8.8x10–14, Q=7.8x105 (too low)
Q≟2x106  =>   σy=3.5x10–14  Leeson (too low)

−1
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/Hz2dBrad

/Hz2dBrad

/HzdBrad

/Hz2dBrad

Sϕ(f) dBrad2/Hz

2

Oscilloquartz OCXO 8607
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola
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Phase noise and frequency stability in oscillators
Cambridge University Press, 2008 
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Thermal Compensation – Examples

Design and Progress Report for Compact
Cryocooled Sapphire Oscillator “VCSO”

G. John Dick, Rabi T. Wang, Robert L. Tjoelker
Jet Propulsion Laboratory, California Institute of Technology

Pasadena, CA 91109-8099, U.S.A
Email: john.dick@jpl.nasa.gov

and Ronni Basu
Department of Physics

The Technical University of Denmark
2800 Kgs. Lyngby, Denmark

Abstract— We report on the development of a compact cryo-
cooled sapphire oscillator “VCSO”, designed for operational fre-
quency and timing systems or metrology applications requiring a
higher–performance replacement for ultra–stable quartz oscilla-
tors. The VCSO matches a new Stirling cryocooler requiring only
160 Watts input power with an improved version of the thermo-
mechanically compensated silver/sapphire resonator previously
developed for the 40K CSO. We describe details of the sapphire
resonator electrical and mechanical design, report on analysis of
a crossover circuit that, together with an inexpensive 100 MHz
quartz clean–up oscillator, reduces bright–line vibration–induced
phase noise spikes by 40 dB or more, and report on cryogenic
and vibration tests on a candidate cryocooler.

I. INTRODUCTION

Developments in sapphire resonator technology [1] and in
long-life cryocoolers [2] now make possible an ultra-stable
cryogenic sapphire oscillator with significantly improved op-
erability and with size reduced to that of a “breadbox”. With
an achieved stability of 1×10−14 at 1 second, the VCSO will
have multiple applications where high performance flywheel
or phase noise clean up oscillators are required, such as
in the NASA Deep Space Network Frequency and Timing
System [3]. It is also needed for local oscillator applications
to realize the full potential of state of the art microwave
frequency standards such as Cesium atomic fountains, and
Mercury Linear Ion Trap frequency standards [4].

Previous development of the 40K CSO established low-
drift and low g–sensitivity for a “self assembling” thermo–
mechanically compensated silver/sapphire resonator design
that demonstrated a quality factor of Q = 1 × 108 at its
temperature turnover of about 37 K [1]. Several other compen-
sation technologies for sapphire resonators in this temperature
region are also being developed at other laboratories, including
Titanium doping [5] and dual–mode excitation [6]. The VCSO
is based on the 40K CSO technology, operating at 32 GHz
instead of the previous 16 GHz in order to reduce resonator
size to match the capabilities of a smaller cryocooler. Sizes are
reduced by ≈50% for a very small volume of about 10 cm3,
an ID for the shielding can of 3.55 cm (1.4 inches) and a
height of 1.58 cm (0.62 inches). The VCSO design calls for
a quality factor ≥30 million, a specification up to two times

32 GHz VCSO Resonator Previous “40K CSO”
16 GHz Resonator

1.72 cm
(0.67”)

Sapphire
Elements Silver 

Spacer
Sapphire

Support rod

Fig. 1. The VCSO resonator is based on a previous “40K CSO” design,
retaining the same silver spacer and sapphire support rod. While overall height
is relatively unchanged, reliefs at the sapphire corners effectively shorten the
electrical height of the resonator, and so increase the tuning rate (as MHz/mm
of gap variation) to raise the turnover temperature to 50K. Use of a higher
azimuthal mode number nφ = 12 instead of the previous nφ = 10 increases
the diameter by ≈20% compared to the expected 50% reduction for a doubled
RF frequency. This increased size was found to be necessary to reduce RF
magnetic fields at the exterior of the (now relatively larger) spacer.

smaller than the sapphire material Q limit at 50 K, but high
enough to allow short–term frequency stability of 1×10−14 or
better. A significant modification is the use of the WGE12,1,1

mode instead of the previous WGE10,1,1 which increases the
overall diameter slightly; this change allowed re-use of the
40K CSO silver spacer design without increasing RF losses
due to the spacer.

A major challenge for this new technology is to reduce
or eliminate the bright–line phase noise spectra that result
from vibrations in the Stirling cryocooler [2] at harmonics of
the 60 Hz vibration frequency. While acceleration sensitivity
for the new resonator is expected to be ≤ 0.5 × 10−10/g, a
value half that measured for the previous, larger resonator, the
effects of cryocooler vibrations must still be reduced by 60 dB
to be essentially unobservable. We show that an appropriate
clean–up oscillator with advanced crossover design, together
with active cancellation of cryocooler vibrations, can give
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The Pound Scheme
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Null Measurement of Im(Γ)

• Absolute measurements rely on the 
“brute force” of instrument accuracy 

• Differential measurements rely on the 
difference of two nearly equal 
quantities, something like q2–q1. 
However similar, this is not our case! 

• Null measurements rely on the 
measurement of a quantity as 
close as possible to zero – 
ideally zero. 

• The Pound scheme 
detects 
• Null of Im(Γ(ω)) 
• AC regime, after 

down-converting to Ω 
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Selected Oscillators’ Personality
• Quartz 
• Small, reliable, >25y MTBF 
• 5 MHz:   High floor (–155 dBc) and 

high stability 1E-11 at 1 day, 1E–13 ADEV floor 
• 100 MHz: Low floor (–180 dBc), fair stability 

• YIG (10 GHz) 
• Low noise at high frequency (-160 dBc), but unstable 

• DRO (10 GHz) 
• Low noise at high frequency (-160 dBc) 
• No inherent thermal compensation 

• Sapphire (10 GHz) 
• 300 K:  Q=2E5, TC=70ppm/K, low floor (–180 dBc) 
• ≈77 K:  Q=3E7, TC≈few-ppm/K, low floor (–180 dBc) 
• 5 K       Q>1E9, TC=0, 
• w/o Pound control: Low floor (–180 dBc possible) 
• with Pound: <1E-15 at 1 s, parts-E-16, 2E-15 at 1 d

37



Measurement Methods
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Double Balanced Mixer

1 – Power 
narrow power range: 
±5 dB around Pnom = 7–13 dBm 
r(t) and s(t) should have ~ same P 

2 – Flicker noise 
due to the mixer internal diodes      
typical Sφ = –140 dBrad2/Hz at 1 Hz 
in average-good conditions 

3 – Low gain 
kφ ~ 0.2–0.3 V/rad typ. 
        –10 to –14 dBV/rad 

4 – White noise  <=>  operational amplifier 
5 – Takes in noise  <=>   power-to-offset 
conversion 
6 – High sensitivity to 50 Hz magnetic field
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E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211, 

cos(ω0t+𝛗)

sin(ω0t)

saturated multiplier  =>  phase-to-voltage detector   vo(t) = k𝞅 𝞅(t)



Useful Schemes
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DUT

FFT

quadrature adjust

a pair of two-port devices 
3 dB improved sensitivity

DUT

FFT

quadr. adj.
DUT

reference
resonator

FFT

quadr. adj.

under test

two-port device under test

FFT

phase lock

reference

under test

measure two oscillators
best use a tight loop

measure an oscillator vs. a resonator

FFT

quadrature adjust

the measurement of an amplifier
needs an attenuator

atten
DUT

DUT

FFT

quadrature adjust

the measurement of a low-power DUT 
needs an amplifier, which flickers

atten



Opto-Electronic Discriminator
41

10 GHz, 10 μs• delay –> frequency-to-phase conversion 
• works at any frequency 
• long delay (microseconds) is necessary for high sensitivity 
• the delay line must be an optical fiber 

fiber:   attenuation 0.2 dB/km,  thermal coeff. 6.8 10-6/K 
cable: attenuation 0.8 dB/m,  thermal coeff. ~ 10-3/K

Rubiola, Salik, Huang, Yu, Maleki, JOSA-B 22(5) p.987–997 (2005)

�(s) = H'(s)�i(s)

Laplace transforms

Sy(f) = |Hy(f)|2 S' i(s)

|H'(f)|2 = 4 sin2(⇡f⌧)

|Hy(f)|2 =
4⌫2

0

f2
sin2(⇡f⌧)

ment and its equivalent in the Laplace transform domain.
by inspection of Fig. 3,

!o!s" = H"!s"!i!s", !4"

where H"!s"=1−exp!−s#". Turning the Laplace trans-
forms into power spectra Eq. (4) becomes

S"o!f" = #H"!jf"#2S"i!f", !5"

where

#H"!jf"#2 = 4 sin2!$f#". !6"

The spectrum of frequency fluctuation Sy!f" is related to
S"!f" through

Sy!f" =
f2

%0
2S"i!f". !7"

Combining Eqs. (5) and (7), we get

Sy!f" = #Hy!jf"#2S"i!f", !8"

where

#Hy!jf"#2 =
4%0

2

f2 sin2!$f#". !9"

Equation (5) is used to derive the phase noise S"i!f" of the
oscillator under test. Alternatively, Eq. (7) is used to de-
rive the frequency noise Sy!f". We prefer S"!f", indepen-
dent of how the final results will be expressed, because
the background noise of the instrument appears as S"!f".

Figure 4 shows the transfer functions #H"!jf"#2 and
#Hy!jf"#2 for %0=10 GHz and #d=10 &s (2-km delay line),
which is typical of our experiments. For f→0, it holds
#H"!jf"#2$ f2. Fortunately, high slope processes such as
flicker of frequency dominate in this region (see Fig. 1),
which compensates #H"!jf"#2. The phase-noise measure-
ment is therefore possible, providing that the delay #d can
be appropriately chosen. #H"!jf"#2, as well as #Hy!jf"#2, has
a series of zeros at f=n /#d, with integer n'1. The experi-
mental results are not useful in the vicinity of these zeros.
At the beginning of our experiments we hoped to recon-
struct the spectrum beyond the first zero at f=1/#d by ex-
ploiting the maxima at f= !2i+1" / !2#d" (integer i'1). This

turned out to be difficult. One problem is the resolution of
the FFT analyzer, as the density of zeros increases on a
logarithmic scale. Another problem is the presence of
stray signals in the measured spectrum, which make un-
reliable the few data around the maxima. The practical
limit is about f=0.95/#d, where #H"!jf"#2=−16 dB, and at
most some points around f=3/ !2#d" between the first and
second zeros.

4. SOURCES OF NOISE
The basic block for photonic phase-noise measurements is
shown in Fig. 3(a). In normal operation the random phase
"!t" results from the fluctuations of the input frequency.
In this section we analyze the sources of noise of the
block, since "o!t" is acquired form the noise of electrical
and optical components.

The power P(!t" of the optical signal is sinusoidally
modulated at the microwave angular frequency )& with a
modulation index m

P(!t" = P̄(!1 + m cos )&t". !10"

Here, we use the subscripts ( and & for “light” and “mi-
crowave,” and the overbar to denote the average. Equa-
tion (10) is similar to the traditional amplitude modula-
tion of radio broadcasting, but optical power is modulated
instead of rf voltage. In the presence of a distorted (non-
linear) modulation, we take the fundamental of the modu-
lating signal, at )&.

The detector photocurrent is

i!t" =
q*

h%(

P̄(!1 + m cos )&t", !11"

where q=1.602+10−19 C is the electron charge, * is the
quantum efficiency of the photodetector, and h=6.626
+10−34 J/Hz the Planck constant. Only the ac term
m cos )&t of Eq. (11) contributes to the microwave signal.
The microwave power fed into the load resistance R0 is
P̄&=R0iac

2 , hence

P̄& =
1

2
m2R0% q*

h%(
&2

P̄(
2. !12"

A. White Noise
The discrete nature of photons leads to the shot noise of
power spectral density Ns=2qiR0 [W/Hz] at the detector
output. By virtue of Eq. (11),

Ns = 2
q2*

h%(

P̄(R0. !13"

In addition, there is the equivalent input noise of the am-
plifier loaded by R0, whose power spectrum is

Nt = FkBT0, !14"

where F is the noise figure of the amplifier, kB=1.38
+10−23 J/K is the Boltzmann constant, and T0 is the tem-
perature. The white noise Ns+Nt turns into a noise floor
S"0= !Ns+Nt" /P& of S"!f". By use of Eqs. (12)–(14), the
floor is

Fig. 4. Transfer functions #H"!jf"#2 and #Hy!jf"#2 plotted for %0
=10 GHz and #d=10 &s.

990 J. Opt. Soc. Am. B/Vol. 22, No. 5 /May 2005 Rubiola et al.
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A, B = instrument background 
C = DUT noise 
Channel 1     X = C – A 
Channel 2     Y = C – B 
A, B, C are independent 
Re{ } and Im{ } are independent

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1,  var{C}=κ2 

var{A’} = var{A”} = var{B’} = var{B”} = 1/2,  and  var{C’} = var{C”} = κ2/2
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Real

Imaginary

Syx with correlated term κ≠0 (2)
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avg = 0 avg = 0 avg = κ2 

var = κ4/m

A, B, C are independent Gaussian noises 
Re{ } and Im{ } are independent Gaussian noises

avg=0 
var=κ2/4

avg = 0

 avg = κ2 

var = κ4

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1,  var{C}=κ2 

var{A’} = var{A”} = var{B’} = var{B”} = 1/2,  and  var{C’} = var{C”} = κ2/2

var=1/2 var= κ2/2var=1/2 var= κ2/2

avg=0 
var=1/4

var= κ2/2var=1/2

All the DUT signal goes in Re{Syx}, Im{Syx} contains only noise
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44

Running the measurement, m increases 
Sxx shrinks => better confidence level 

Syx decreases => higher single-channel noise rejection



The DUT AM noise is correlated
45

E. Rubiola, R. Boudot, IEEE Transact. UFFC 54(5) pp.926-932, may 2007
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Radiometry & Johnson thermometry
46

C. M. Allred, A precision noise spectral density comparator, J. Res. NBS 66C no.4 p.323-330, Oct-Dec 1962
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Bridge (Interferometric) Method

0º –90º

F
F

T

x(t)

y(t)

pump

(microwave)

error amplifier

V0 cos(ω0t) 

AM noise

PM noise

null
x(t) cos(ω0t) – y(t) sin(ω0t)

File: bridge

coherent

detector

bridge hybrid

junction

–90º

–90º

0º

0º

–90º

–90º

0º

0º

DUT

phase & ampl.
adjustment

Δ(t)

∑(t)dark

hybrid

junction

• Carrier suppression => the error amplifier cannot flicker: it does know ω0 
• High gain, due to the (microwave) error amplifier 
• Low noise floor => the noise figure of the (microwave) error amplifier 
• High immunity to the low-frequency magnetic fields due to the microwave 

amplification before detecting 
• Rejection of the master oscillator’s noise 
• Detection is a scalar product => signal-processing techniques
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Derives from   H. Sann, MTT 16(9) 1968,   and F. Labaar, Microwaves 21(3) 1982 
Later,   E. Ivanov, MTT 46(10) oct 1998,   and Rubiola, RSI 70(1) jan 1999



Example of results
48

!"# !"$ !"%

&'(()*

+f ,-./0!1S
1 +f ,-(2,33./0#S"

(453333333333,-6./07N

89:;*)32(6

P"
2<;3=#38>)&?(2
@3!%A!3,-6

?B'3(43&C2::A

2:;*)3D:&2*A
2(63!2E3!F

G'D(9)(34()HD):&IE3/0

k  TB .P @3!!JJA!3,-5(2,337./0#
" "

!"K

!!L"AK

!!M"AK

!!J"AK

!!="AK

!#""AK

5!!LLA%7

5!!MLA%7

5!!JLA%7
! !"

5!!%LA%7

5!!KLA%7

!"# !"$ !"%

&f '()*+!,S
, &f '(-.'//)*+#S"

-01//////////'(2)*+3N

456-78-/0-8968:;<=/*+

!">

P"

?7:@A8/.-2

7:?B-628:B/:57?8

!!CDE$

!!DDE$

! !"

.F@/!G/?H8;B-.

BI5/-0/;J.::E

.:@A8/6:;.AE

.-2/!.=/!K

L/!DED/'(2
!!>DE$

!!GDE$

!!MDE$

1!!$MEC3

1!!%MEC3

1!!>MEC3

1!!CMEC3

1!!DMEC3
!"#!"$ !"%!"&

'())*+

!, -f ./)0.11234$S
-f ./234",S

5678+*10)9

N:1111111111111./9234;)<

P"=1!%>!1./9
0?81&$@15A*'B)0

BC(1)<1'D077>

078+*1E7'0+>
0)91!0F1!G

k  TB 2P =1!!HH>!1./:)0.11;234$
" "

:!!#I>%;

:!!II>%;

:!!JI>%;

:!!HI>%;

:!!KI>%;

!!J">#

!!H">#

!!K">#

!$"">#

!$!"># L(E)6*)1<)*ME*7'NF134

!"#!"$

%&''()

*+,-)(./'0

1&2'+('.3'(42(,%56.78

9 :f ;<'/;..=78$S!
:f ;<=78"9S

'3>..........;<0=78?N

P"

@A&.'3.%B/,,C

/,-)(.2,%/)C
/'0.!/6.!D

/E-.#F!.*G(%@'/
H.!#CI.;<0

k  T"B =P" H.!!IJCI.;<>'/;..?=78
$

!!K"C$

!!J"C$

!!I"C$

!!L"C$

!$""C$

>!!KKCM?

>!!JKCM?

>!!IKCM?
!

>!!FKCM?

!"

>!!MKCM?

  single-arm

single-armsingle-arm

single-arm

correl
correl

correl

–160.2

–170.2

–180.2

–190.2

–200.2

Sφ(f), 

dBrad2/Hz

Sφ(f), dBrad2/HzSφ(f), 

dBrad2/Hz

instrument noise

Sφ(f), 

dBrad2/Hz

–160.5

–170.5

–180.5

–190.5

–200.5

–170.5

–180.5

–190.5

–200.5

–210.5

–157.3

–167.3

–177.3

–187.3

–197.3
1 10 100 1k 10k 100k

1 10 100 1k 1 10 100 1k 10k 100k

100 1k 10k 100k

Noise of a  by-step attenuator Background noise of the fixed-value bridge

Noise of a pair of HH-109 hybrid junctions Background noise of the fixed-value bridge

Averaged spectra must be smooth  
Average on m spectra: confidence of a point improves by O(1/m1/2) 

interchange ensemble with frequency: smoothness O(1/m1/2) 



A Final Word

• Review of PM noise and frequency (in)stability 
•What happens in components 
• Oscillators, how they work… 
• Instruments,  
• Questions are still open 
• Correlation does not do what it promises 

• Available here Thu morning and Fri all day 
•Most of my stuff is on my web page 
• Challenging questions are welcome at any time 
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home page http://rubiola.org
enrico@rubiola.org

http://arxiv.org/abs/physics/0602110
mailto:enrico@rubiola.org

