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The SMA beam calculator/sensitivity estimator displays the rms noise in three different
units: mJy beam−1, Rayleigh-Jean brightness temperature, and Planck brightness temper-
ature. Although the interferometer data are calibrated in units of flux density (Fν), it is
sometimes useful to convert this scale to brightness temperature (TB). The common astro-
nomical formulas for brightness temperature are:

TB =
hν

k ∗ ln(2hν3/c2Bν + 1)
(Planck formula)

TB =
λ2

2k
Bν (Rayleigh − Jean approximation)

(1)

The Rayleigh-Jean approximation is valid in the limit that hν << kT . It is often used
even at millimeter frequencies because the physical temperature of astronomical objects is
typically greater than 20 K or so. As an example, at 300 GHz (1 mm), an object with a flux
density of 1 Jy measured within a circular beamsize of θ = 1′′ has an intensity (Bν):
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F ν
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=

F ν

π
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=
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π
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[θ′′ ∗ (1 rad/206264.8′′)]2
=

(10−23 erg cm−2 s−1 Hz−1)F ν(Jy)

(2.662 × 10−11)(θ′′)2

= 3.76 × 10−13 erg cm−2 s−1 Hz−1 steradian−1.
(2)

Hence, the Rayleigh-Jean estimate of its brightness temperature is:

TB =
(0.1 cm)2

(2)(1.38 × 10−16 erg/K)
(3.76 × 10−13 erg cm−2 s−1 Hz−1 ster−1) = 13.62 K (3)

Or more generally,

TB(K) =
1362.3 [λ (cm)]2 Fν(Jy)

θ(′′)2
or

1.224 × 106 Fν(Jy)

[ν(GHz)]2 θ(′′)2
(4)

Or to go from TB to Fν :

Fν(K) =
[ν(GHz)]2 θ(′′)2 TB(K)

1.224 × 106
(5)

The (exact) Planck brightness temperature is:

TB =
(6.63 × 10−27 erg sec)(300 × 109 Hz)

(1.38 × 10−16 erg/K) ∗ ln
[ (2)(6.63×10−27 erg sec)(300×109 Hz)3

(3.0×1010 cm/s)2(3.76×10−13)
+ 1

]
= 19.95 K (6)

Or more generally,

TB(K) =
0.048 [ν (GHz)]

ln
[3.92×10−8 [ν (GHz)]3 θ(′′)2

Fν(Jy)
+ 1

] (7)



Fν(Jy) =
3.92 × 10−8 [ν (GHz)]3 θ(′′)2

exp
[0.048[ν (GHz)]

TB(K)

]

− 1
(8)

Thus, in this case, the R-J approximation is in error by ∼ 30%, and if you use it, you
will underestimate the true brightness temperature of the source. This effect is of particular
concern if you are using the observed brightness temperature of a source as a measure of
its physical temperature (i.e. when the emission is known to be optically thick and similar
in angular size to the beam). Moreover, as the flux density drops, the inferred brightness
temperature will drop and the R-J formula will become a worse and worse approximation.
For example, the sensitivity of the SMA for a full track is typically in the 1-2 mJy range. If
we repeat the calculation above using a 1 mJy source (Bν = 3.76 × 10−16), we find that

TB =
(0.1 cm)2

(2)(1.38 × 10−16)
(3.76 × 10−16) = 0.01362 K (Rayleigh − Jean limit)

TB =
(6.63 × 10−27)(300 × 109)

(1.38 × 10−16)ln
[ (2)(6.63×10−27)(300×109)3

(3.0×1010)2(3.76×10−16)
+ 1

]
= 2.067 K (Planck)

(9)

Thus, in this case the R-J approximation is in error by a factor of 152! This is because
the Planck brightness temperature has dropped only by a factor of 10 even though the
flux density has dropped by 1000 (along with the erroneous R-J brightness temperature).
This effect explains why the rms Planck brightness temperatures reported by the SMA
Sensitivity Calculator are generally a few Kelvin, while the rms R-J values are a few mK. It
also explains why the rms Planck brightness temperatures differ by a factor of two or less
when comparing the broad band (2 GHz) sensitivity value to the narrow band (1 km s−1 =
1 MHz at 300 GHz) sensitivity value. The increase in bandwidth of 2000 yields the expected
improvement in S/N of

√
2000 = 44 in flux density units. By comparison, if the true Planck

brightness temperature of a 2′′-diameter source increases from 2.0 K to 4.0 K, then its flux
density (at 300 GHz) increases dramatically by a similar factor of 38 from 3.2 to 119 mJy
using Equation (8).

Thus, a typical SMA sensitivity in flux density units of 3.2 mJy rms in the compact array
(with a 2′′ beam) is equivalent to 2.0 K rms in brightness temperature. Finally, if one moves
to the ’very extended’ array with a smaller beam (0.32′′), you should expect the rms noise
in brightness temperature units to increase further. A similar rms sensitivity of 3.2 mJy rms
in the smaller beam equates to a larger rms brightness temperature of 4.1 K rms (compared
to 2 K in a 2” beam).

NOTE HOWEVER, THAT EQUATION (8) SHOULD NEVER BE USED TO CON-
VERT A SINGLE DISH Tmb (main beam brightness temperature) TO FLUX DENSITY
UNITS. This is because for a single dish, the conversion from hardware detector units (typi-
cally volts for example) have been put onto a temperature scale assuming the Rayleigh-Jeans
approximation. This is done (even when the approximation is not valid) so that the telescope
response will be on a linear scale. In this case, Equation (5) should be used. However, if the
reported number is instead the commonly used T ∗

R which only accounts for the atmosphere,
T ∗

R should be divided by the telescope efficency before inserting into Equation (5) [i.e. the
recorded temperature would have been higher if the telescope were perfectly efficient].


