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6. FOURIER TRANSFORM, CONVOLUTION AND CORRELATION

Reference: ”The Fourier Transform and Its Applications”, by R. N. Bracewell.

6.1 Fourier Transform

A function f(t) can be expressed as

f(t) =
∫ ∞

−∞
F(ν) e−i2πνt dν, (6.1)

where F(ν) is the Fourier Transform of f(t). This expression can be understood to mean that f(t) can be
decomposed into a sum of ”Fourier components” – e−i2πνt – over a continuous range of ν. In other words,
f(t) is decomposed into its frequency components. To show the frequency decomposition more directly, one
can express equation (6.1) as

f(t) =
∫ ∞

−∞
F(ν) cos(2πνt) dν + i

∫ ∞

−∞
F(ν) sin(2πνt) dν.

F(ν) then specifies how much each frequency component, e−i2πνt, is present in the sum. Equation (6.1) is
analogous to the decomposition of a vector V into its basis vectors, xi,

V =
3∑

i=1

vixi,

where vi and xi are analogs of F(ν) and e−i2πνt. Just as in the case of vectors where one can specify the
vector V by its components vi, one can specify f(t) by its Fourier Transform F(ν). For instance, if t and ν are
time and frequency respectively, instead of plotting the entire f(t) = 2cos(2πνot) over the infinite t-axis, one
can simply specify the Fourier Transform which consists of two delta functions (see below) at frequencies:
±νo.

Given f(t), its Fourier Transform can be found by

F(ν) =
∫ ∞

−∞
f(t) e+i2πνt dt.

Table 1 gives a list of useful functions and their Fourier Transform.

Generally, f(t) varies at a range of time scales and therefore would have a range of frequency components.
If the shortest time scale on which f(t) varies is ∆t, then Fourier components with ν ≤ 1/∆t must be present;

Table 1. Fourier Transforms of a few Functions

f(t) F(ν)

1 δ(ν)

ei2πνot δ(ν − νo)

2cos(2πνot) [δ(ν + νo) + δ(ν − νo)]

2sin(2πνot) i[δ(ν + νo) + δ(ν − νo)]

e−πt2 e−πν2
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i.e. F(ν) 6= 0 for ν ≤ 1/∆t. Thus, slow variations in f(t) means that low frequency components are present in
the Fourier decomposition, and sharp ”edges” in f(t) would require high frequency components. In practice,
the characteristics of f(t) are often expressed in terms of its power spectrum, P(ν) = |F(ν)|2.

6.2 Convolution and Correlation

The convolution of two functions f(x) and g(x) is defined as

f ∗ g ≡
∫ ∞

−∞
f(x)g(u− x) dx = C(u).

The convolution as an operation on two functions f and g are commutative: f ∗ g = g ∗ f. It is also associa-
tive: f ∗ (g ∗ h) = (f ∗ g) ∗ h and distributive: f ∗ (g + h) = f ∗ g + f ∗ h.

It can be shown that the convolution of two Gaussian functions is also a Gaussian function. Thus, if
f(x) = 1√

2πσ2
1

e−(x2/2σ2
1) and g(x) = 1√

2πσ2
2

e−(x2/2σ2
2), then f∗g (u) = 1√

2πσ2 e−(u2/2σ2), where

σ2 = σ2
1 + σ2

2 .

Thus, the width of the Gaussian function f, σ1, is broadened (increased) by that of g (quadratically) in the
convolution process. This illustrates an important property of convolution, which is that the convolution of
f with g broadens the width of f by that of g (quadratically). More generally, the scale over which f(x) varies
is increased when f is convolved with a function g which has a finite width, i.e. the variation in f is smoothed
out by the scale of variation of g.

At this point, it is convenient to introduce the δ-function, δ(x) (strictly speaking not a function) which
has the following property: 

δ(x) = 0, x 6= 0 ;∫∞
−∞ δ(x) dx = 1.

It is also called an impulse. A more precise definition would be

δ(x) = lim
σ→0

1√
2πσ2

e−(x2/2σ2).

One can think of δ(x) as having zero width or varies over a vanishingly small scale. Thus, its Fourier
Transform has components at all frequencies. In fact, its Fourier Transform is a constant. δ(x) also has
other convenient properties, such as f ∗ δ = f, i.e.

f(u) =
∫ ∞

−∞
f(x)δ(u− x) dx,

where one can think of f(x) being convolved by a function of ”zero” width.

The auto-correlation of a function f(x) is given by

R(u) ≡
∫ ∞

−∞
f(x)f∗(x− u) dx,
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where f∗ denotes the complex conjugate of f(x). If f(x) is a real function, then R(u) is an even function.
More generally, R(-u) = R∗(u). R(0) =

∫
| f(t) |2 dt. It can be shown that the Fourier Transform of the

auto-correlation of a function is the square of its Fourier Transform, i.e. its power spectrum.

The cross-correlation of two functions f(x) and g(x) is defined by

Rx(u) ≡
∫ ∞

−∞
f(x)g∗(x− u) dx,

The cross-correlation of two functions is a measure of how similar the two functions are to each other. The
cross correlation of the E-field at two points across a wavefront is the visibility of the incoming radiation,
the measurement of which is the function of an interferometer array.

6.3 Properties of Fourier Transform

If the Fourier Transform of f(x) is F(s), we denote this by: f(x) ⇔ F(s). Fourier Transforms have the
following properties:

Similarity Theorem
f(ax) ⇔ | a |−1 F(s/a).

Addition Theorem
f(x) + g(x) ⇔ F(s) + G(s).

Shift Theorem
f(x− a) ⇔ e−i2πasF(s).

Modulation Theorem
f(x)cos(2πνx) ⇔ 1

2
F(s + ν) +

1
2
F(s− ν).

Convolution Theorem
f ∗ g ⇔ F(s)×G(s).

f × g ⇔ F(s) ∗G(s).

Parseval’s Theorem ∫ ∞

−∞
| f(x) |2 dx =

∫ ∞

−∞
| F(s) |2 ds.

Power Theorem ∫ ∞

−∞
f(x)g∗(x) dx =

∫ ∞

−∞
F(s)G∗(s) ds.

Autocorrelation Theorem

R(x) ≡
∫ ∞

−∞
f(x′)f∗(x′ − x) dx′ ⇔ | F(s) |2.

6.4 Quasi-monochromatic Signal

A mono-chromatic signal (”single” frequency: ±νo) such as cos(2πνot) implies an infinite wave-train,
which is never realized in practical situations. In other words, one never encounters monochromatic signals
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in real life. There is always a ”beginning” and an ”end” to a signal. The finite duration of a real signal
necessarily implies a range of frequencies present in the signal, i.e. the signal has a finite bandwidth. For
example, if the signal is cos(2πνot) during the period, -T/2 < t < T/2, it can be represented as

f(t) = ΠT(t)× cos(2πνot),

where the Rect function ΠT(t) is defined as

ΠT(t) =
{

1, for− T
2 < t < T

2

0, otherwise.

The Fourier Transform F(ν) of f(t) which is a product of two functions is thus the convolution of the
Transform of cos(2πνot) and that of ΠT(t):

F(ν) =
T
2

Sinc(νT) ∗ 1
2
[δ(ν − νo) + δ(ν + νo)] =

T
4

Sinc[(ν − νo)T] +
T
4

Sinc[(ν + νo)T],

so that the power spectrum of the finite wave train is

P(ν) = |F(ν)|2 ∝ Sinc2[(ν − νo)T] + Sinc2[(ν + νo)T],

where the Sinc function, which is the Fourier Transform of the Rect function, is defined as

Sinc(x) =
sin(πx)

πx
.

Note that the Power Spectrum of f(t) has two Sinc2 functions with finite bandwidth (i.e. ∆ν = B ∼ 1
T )

centered on ±νo. So the finite wave-train is no longer monochromatic.

More generally, a quasi-monochromatic signal is of the form

f(t) = A(t)cos(2πνot + Φ(t)),

where the time scale of variation of both A(t) and Φ(t) is long compared to 1
νo

. One can think of a quasi-
monochromatic signal as a sinusoidal signal of frequency ν with an amplitude of A(t) that is slowly varying
with time but has a finite duration in which it is non-zero.

In general, a signal with a finite bandwidth B has a coherence time, τc(= 1/B) over which the signal
amplitude is non-zero. The corresponding coherence length is cτc = c/B (length of the wave-train). Thus,
if B = 500 MHz, τc = 2 nano-sec and cτc = 0.6 m. In radio astronomy, the received signal by a radio
telescope, where the bandwidth of the signal is small compared to its frequency, is a quasi-monochromatic
signal. So when two quasi-monochromatic signals are cross-correlated, as in an interferometer, the result
would be zero unless the two signals are aligned to within their coherence length or coherence time.

6.5 Sampling Theorem

In practice, measurements are often made only at discrete intervals instead of continuously. Thus a
function of time f(t) is sampled at discrete times to yield: f(tk), for t = t1, t2, t3,... The sampled values can
be represented as a function,

fs(t) = f(t)×
∑
k

δ(t− tk).
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If the sampling is at regular intervals, separated by τ , then

fs(t) =
∞∑

n=−∞
f(nτ)δ(t− nτ) ≡ f(t)× III(t/τ),

where

III(t/τ) =
∞∑

n=−∞
δ(t− nτ).

Suppose the signal f(t) is band-limited, i.e. its Fourier Transform F(ν) is non-zero only for | ν |≤ B
where B is the bandwidth of the signal. Then, the Fourier Transform of fs(t) is the convolution of F(ν) with
the Fourier Transform of III(t/τ). It can be shown that

III(t/τ) ⇔ III(ν/τ−1).

Thus, the Fourier Transform of the digital samples – fs(t) is

F(ν) ∗ III(ν/τ−1) =
∞∑

m=−∞
F(ν −mτ−1).

i.e. F(ν) is replicated at ν = m/τ,−∞ < m < ∞, at frequency intervals of τ−1. If F(ν) is a band-limited
signal, with a total width ≤ 2B, the adjacent copies of F(ν) do not overlap if 2B ≤ τ−1. In this case, one
can retrieve the original F(ν) by filtering out all F(ν −m/τ) for m 6= 0.

Thus, the Sampling Theorem states that a band-limited function f(t), with bandwidth B, can be
reconstructed from its digitally sampled function fs(t), if the sampling period is smaller than 1/2B, the
Nyquist sampling period, τs, or the sampling frequency is larger than 2B, the Nyquist sampling rate,
fs. Intuitively, this means that each frequency component is sampled properly if there are at least two
samples per period.

The compact disc (CD) player works because of the Sampling theorem. Music can be digitally sampled
and reconstructed as long as the sampling rate is higher than twice the highest audible frequency (∼ 20
kHz). fs has to be 40 kHz or higher.

6.6 Two-dimensional Fourier Transform

A function of two variables can be expressed as follows

f(x, y) =
∫ ∞

−∞

∫ ∞

−∞
F(u, v) e−i2πux e−i2πvy dudv,

where e−i2πux and e−i2πvy are the Fourier components of the two variables, and F(u,v) is the two-dimensional
Fourier Transform, given by

F(u, v) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y) ei2πux ei2πvy dxdy,

A practical example is that x and y correspond to the two (angular) variables of a picture or map of an
astronomical source, and f is the intensity distribution. u and v are then the spatial frequency along x and
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y, respectively. F(u,v) is the visibility of the image at the spatial frequencies u and v. This is actually the
basis of Synthesis Imaging by an interferometer array, called the van Cittert-ZernikeTheorem. The
visibility, F(u,v) ≡ 〈E(P1)E∗2(P2)〉 = the correlation function of the E field at any two points, P1 and P2,
on the incoming wavefront. In the case where one telescope is at P1 and the other at P2 along the same
wavefront, (u,v) is the two components of the projected baseline vector in units of wavelength: i.e. B⊥/λ

= (P1 – P2)/λ = (u, v). The van Cittert-Zernike Theorem states that the information on the intensity
distribution of the source f(x,y) is contained completely in the form of the two-point correlation function
〈E(P1)E∗2(P2)〉 = F(u,v) across the incoming wavefront, which is measured pairwise by the telescopes of

an interferometer array. And, f(x,y) ⇔ F(u.v).

Another example of a two dimensional Fourier Transform is the relationship between the transmitted
electric field in the far field of a radio telescope, Et(θx, θy) and the electric field across the aperture (primary
mirror) of the telescope, Ea(ζ, η), where (θx, θy) are the angular coordinates relative to the telescope axis
and (ζ, η) are the linear coordinates across the aperture.

Et(θx, θy) ⇔ Ea(ζ, η).

The power pattern of the radio telescope is P(θx, θy) ∝ E2
t (θx, θy).


