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13. PRACTICAL INTERFEROMETRY

13.1 What actually happens to signals in an interferometer ?

Consider a two-element interferometer in which telescope 2 is closer to the source than telescope 1. The
radiation from an element of the source (labelled m and in the direction ŝ) received at the telescope 1, which
is pointed with maximum response in the direction of the centroid of the source (ŝo), is down-converted
to the IF by a local oscillator at frequency νo. The E-field is affected by the propagation through the
Earth’s atmosphere and the electronic response of the telescope receiving system and the resultant signal,
representing one polarization component of the radiation, before entering the correlator can be represented
by a quasi-monochromatic analytic signal,

Vm1(t) = (P1 ·Ga
1 ·Ge

1) · [Am(t− τ)/Rm1]e−i2πν̄(t−τ)ei[2πνot−Φ],

where P1 = gt
1(El) · F1(ŝ− ŝo) is the field pattern of telescope 1 and El is the elevation of the telescope

pointing. Ga
1(ν, t) and Ge

1(ν, t) are the complex gains (of the form g(ν, t)eiφ(ν,t)) affecting the amplitude and
phase of the incoming E-field received at telescope 1 due to the atmosphere and the telescope electronics and
optics, respectively, and both can be a function of frequency and time. νo is the local oscillator frequency.
τ = ~D · ŝ/c, where ~D is the baseline vector pointing from the phase center of telescope 1 to the phase center
of telescope 2, and Φ is an extra phase introduced by the local oscillator. The phase center in the cases of
ALMA and Jansky VLA is the intersection of the azimuth and elevation axes of each telescope.

The radiation received at telescope 2 after down-conversion is

Vm2(t) = (P2 ·Ga
2 ·Ge

2) · [Am(t)/Rm2]e−i2π(ν̄−νo)t.

In order to form the two-point correlation function of V at the same wavefront, the signal received at
telescope 2 has to be delayed via a delay-line by an amount equal to τo = ~D · ŝ/c before the two signals are
correlated (delay tracking). So, after the delay-line, the signal is

Vm2(t− τo) = (P2 ·Ga
2 ·Ge

2) · [Am(t− τo)/Rm2]e−i2π(ν̄−νo)(t−τo).

At the correlator, we have the output

O12 ≡
∑
m

〈Vm1(t)V∗
m2(t− τo)〉

=
∑
m

(P1P2 ·Ga
12 ·Ge

12)〈Am(t− τ)Am(t− τo)/Rm1Rm2]ei2πν̄(τ−τo)ei(2πνoτo−Φ)〉

=
∑
m

(P1P2 ·Ga
12 ·Ge

12)〈Am(t)Am(t)〉ei2πν̄(τ−τo)/Rm1Rm2,

if Φ = 2πνoτo and (τ − τo) � 1/∆ν, and where G12 = G1 ·G∗
2. If the atmospheric and electronic gains do

not vary across the source, then

O12 = Ga
12 ·Ge

12

∑
m

P1P2 · 〈Am(t)Am(t)〉ei2πν̄(τ−τo)/Rm1Rm2.

In the continuum limit, 〈Am(t)Am(t)〉/Rm1Rm2 = I(Ω)dΩ, and as (τ − τo) = ~D · (ŝ− ŝo)/c = ~D · −→δs/c, λ = c/ν̄

O12 = Ga
12 ·Ge

12

∫
P1P2 · I(Ω)ei2π~D·

−→
δs/λdΩ.
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When expressed in the (u,v) and (x,y) coordinates, we have

O12(u, v) = Ga
12 ·Ge

12

∫ ∫
P1(x, y)P2(x, y) · I(x, y)ei2π(ux+vy)dxdy.

So, the output of the correlator of an interferometer is the visibility of P1P2 · I(x, y), i.e. the source intensity
distribution times the product of the field responses of the two telescopes, but multiplied by the complex
atmospheric and electronic gains associated with both telescopes. In practice, the correlator output from the
interferometer has to be ”calibrated” in ”post-processing” to remove the atmospheric and electronic gains to
derive the desired visibility. To obtain the image I(x,y), the Fourier Transform of the calibrated correlator
output needs to be divided by the telescope field patterns P1P2(x,y).

13.2 Calibration of Correlator Output

From the derivation of the correlator output outlined in the last section, we can see that the atmospheric
and electronic gains are really dependent on the individual telescopes. For an interferometer array with N
telescopes, Gij = Gi ·G∗

j = gi · gjei(φi−φj), where i, j = 1,N. Note that Gi is the complex gain of the E-field
at each telescope i, whereas Gii = Gi ·G∗

i = g2
i is the gain of the square of the E-field (∝ the intensity of the

radiation) at telescope i.

A basic technique in the calibration of interferometer visibilities to remove the complex gains is to
observe a calibrator that is ideally a point source of known flux density S and accurate position, so that
its visibility V = AeiΨ is simply A = S and Ψ = 0, and for all interferometer ij, the correlator output is

Ocal
ij = Ga

ij ·Ge
ij · Pi(0, 0)Pj(0, 0) · S.

The atmospheric complex gain of the E-field received by telescope i can be written in the form

Ga
i (ν, t) = ga

i (ν, t) · eiφa
i (ν,t) = e−τz/2sin(El) · eiφa

i (ν,t),

where τz is the atmospheric opacity at the zenith and El is the elevation of the telescope pointing, in the
uniform plane atmosphere approximation. The first term is the atmospheric attenuation of the radiation
due to absorption by molecules in the atmosphere, largely due to water vapor. The second term represents
the atmospheric phase fluctuations from the varying irregularities of the index of refraction of the
atmosphere, due to variations in the density of water molecules.

The electronic complex gain of telescope i is

Ge
i (ν, t) = ge

i (ν, t)eiφe
i (ν,t).

If the electronics of the array are stable (by design), the electronic gain tends to vary slowly with time,
and the frequency dependence of the electronic gain, called the bandpass, should also be stable. However,
the bandpass could change if the electronic settings of the interferometer, such as the frequency, bandwidth,
spectral resolution, are changed, and therefore, the bandpass should be calibrated after each electronic setting
change.

The field pattern of telescope is given by

Pi(x, y) = gt
i (El) · Fi(x, y),
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where (gt
i )

2(El) is the gain curve and F(x,y) is the angular response of telescope i to the incident E-field,
normalized to F(0,0)=1, so that P i(0, 0) = gt

i (El).

We can write the correlator output as

Oij = ga
i g

a
j e

i(φa
i −φa

j ) · ge
i g

e
j e

i(φe
i −φe

j ) · gt
i g

t
j

∫
F1(x, y)F2(x, y) · I(x, y)ei2π(ux+vy)dxdy.

= ga
i g

a
j e

i(φa
i −φa

j ) · ge
i g

e
j e

i(φe
i −φe

j ) · gt
i g

t
j ·Vij,

where Vij = AijeiΨij =
∫ ∫

Fi(x, y)Fj(x, y) · I(x, y)ei2π(ux+vy)dxdy is the visibility. Aij is the visibility ampli-
tude and Ψij is the visibility phase measured on interferometer ij composed of telescope i and telescope
j.

Writing out the explicit dependence of the various gains on the relevant parameters, we obtain

Oij = e−τzi/2sin(Eli)e−τzj/2sin(Elj)ei(φa
i −φa

j ) · ge
i (ν)ge

j (ν)ei(φe
i (ν)−φe

j (ν)) · gt
i (Eli)gt

j (Elj) ·Vij.

= [gt
i (Eli)gt

j (Elj) · e−τzi/2sin(Eli)e−τzj/2sin(Elj) · ge
i (ν)ge

j (ν) ·Aij]× [ei(φa
i −φa

j ) · ei(φe
i (ν)−φe

j (ν)) · eiΨij ],

If we set Oij ≡ AO
ij e

iΦO
ij , we have

AO
ij = [gt

i (Eli)gt
j (Elj) · e−τzi/2sin(Eli)e−τzj/2sin(Elj) · ge

i (ν)ge
j (ν)] ·Aij

ΦO
ij = (φa

i − φa
j ) + (φe

i (ν)− φe
j (ν)) + Ψij.

This shows explicitly that the fringe amplitude needs to be calibrated by the gain curves, the atmospheric
attenuation and amplitude bandpass, and the visibility phase needs to be corrected for atmospheric phase
fluctuations, phase bandpass and the electronic phase.

The telescope field patterns, Pi(x, y) = gt
i (El) · Fi(x, y), are dependent on the elevation of the telescope

pointing and temperature, and do not vary rapidly. As the field patterns are nominally repeatable, they
are usually measured at the outset separately and the measurements need not be repeated very often. The
gain curve (gt

i )
2(El) is determined by measuring the power received by the telescope when observing a point

source as a function of elevation. An accurate measurement of the angular response F(x,y) requires very
strong point sources, and often the angular response is calculated from a model.

To measure the attenuation of the E-field at each telescope, which is given by e−τz/2sin(El) in the uniform
plane atmosphere approximation, where τz is the opacity at the zenith, we compare the power detected with
the telescope looking at the sky at the same elevation but offset in azimuth from the source and the power
detected with the receiver looking at an ambient load (blackbody at the ambient temperature). It can be
shown that to first order, the difference in the power detected is proportional to e−τz/sin(El), the atmospheric
attenuation of the signal (∝ E2) entering the telescope. This procedure is included in the Tsys measurement
at each telescope i, usually performed at the beginning of each ”scan” of observations of a source. In ALMA,
the Tsys measurements are done as a function of frequency, so that the frequency-dependence of atmospheric
attenuation can be determined.

After corrections of telescope gain and atmospheric attenuation, the frequency dependence across the
observing bandwidth (∆ν), Ge

i (ν)Ge
j
∗(ν), can be determined by observations of a strong point continuum
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source of known spectral index and accurate position (bandpass calibrator). As the bandpass calibrator
is expected to have a smooth frequency dependence in both amplitude and phase, the measured frequency
dependence of the correlator output from observing a bandpass calibrator can then be used to calibrate
frequency dependence of the correlator output from all the other measurements (under the same electronic
settings.) This is called bandpass calibration, which should be done whenever the electronic settings, such
as frequency, bandwidth or frequency resolution, of the interferometer have been changed. After bandpass
calibration, the electronic gain is no longer dependent on frequency, i.e.

Ge
i (ν, t)Ge

j
∗(ν, t) = ge

i g
e
j e

i(φe
i −φe

j ).

The above addressed the calibrations of the visibility amplitude and bandpass calibration, so that the cor-
relator output amplitude has been reduced to ge

i g
e
j ·Aij that is frequency independent across the bandwidth

of the observations.

Generally, the phase errors due to the atmosphere vary at time scales short compared to other variables
and require interleaving observations of the source to be imaged (program source) with observations of phase
calibrators (point sources with precisely known positions), that are as angularly close to the program source
as possible, at time intervals that decrease with increasing observing frequency. The measured (residual)
phase of the correlator output from observing the phase calibrators would be

ΦO
ij,cal = (φa

i − φa
j )cal + (φe

i − φe
j ) + Ψij,cal, where Ψij,cal = 0,

and the measured phase of the correlator output from observing the program source is

ΦO
ij = (φa

i − φa
j ) + (φe

i − φe
j ) + Ψij.

The phase calibrators are chosen to be as near the program source as possible, so that the incoming radia-
tion from both sources transverses adjacent portions of the atmosphere and (φa

i − φa
j )cal for the calibrator

approximates well (φa
i − φa

j ) for the program source. If the electronic phase varies slowly over the intervals
switching between observing phase calibrator and program source, by subtracting ΦO

ij,cal from ΦO
ij of adjacent

observations, we obtain
ΦO

ij − ΦO
ij,cal = Ψij,

A more sophisticated approach is to interpolate between successive measurements of ΦO
ij,cal and sub-

tracted the interpolated value from ΦO
ij . This procedure is called phase referencing. Thus, by phase

referencing to phase calibrators at appropriate time intervals, both the atmospheric and electronic phase
errors can be corrected for. This approach of phase referencing of each interferometer pair ij is usually done
in VLBI observations, where the number of telescopes involved are not large, fewer than 15 typically.

For an array with a large number of telescopes, such as the Jansky VLA and ALMA, a more practical
and robust approach, akin to self-calibration (see below), is one in which the telescope complex gains, Gi,
are solved for. This is done by minimizing the following quantity from observations of a phase calibrator
which has a flux density S and an accurately known position:∑

time

∑
i<j

wij|Oij,cal −GiG∗
j · S|,

where the sum over time is over periods short compared to the time scale of variation of the complex gains (in
which the atmospheric phase term varies at the shortest timescales). As the quantity involved the modulus
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and not the square of the modulus, this is termed L1 minimization, nominally more robust against the
presence of ”outlier” data points.

As phase calibrator observations are observed regularly and interleaved between observations of the
program source, the resulting complex gains from the phase calibrator observations are put in gain tables
as a function of time. The interpolation of gains from these tables are used to calibrate the correlator outputs
of the program source. Note that while N gain phases are produced, only the phase difference between 2
telescopes matters. For inspection purposes, the gain phase of telescope i is often displayed as the difference
of its gain phase minus that of an arbitrarily chosen reference telescope, i.e. δφ′

i = φ′
i − φ′

r, r ε [1,N]. This
reference telescope should be one that has behaved ”properly”, so that the resulting δφ′

i do not reflect the
”defects” of the reference telescope, which may lead to the mistaken conclusion that the data acquired are
of poor quality.

The flux density of the phase calibrator may change with different epochs of observations, so S needs
to be calibrated by observing flux calibrators, which are point sources of known flux density and accurate
positions. The ratio of the correlator output amplitudes would be the ratio of the flux density of the phase
calibrator to that of the flux calibrator.

After the calibrations discussed above, the calibrated correlator output, O′
ij, is related to the visibility

as follows:
A′

ij
O(t)eiΦ′

ij
O

= g′ig
′
je

i(φ′
i−φ′

j) ·AijeiΨij ,

or,
O′

ij = G′
iG

′
j
∗ ·Vij,

where g′, φ′ = ∆φa + ∆φe + ∆φb + ∆φs corresponding to the residual amplitude error, the sum of residual
phase errors due to the atmosphere, electronics, baseline errors and phase center position errors, respectively,
reflecting the imperfections of calibration.

13.3 Closure Relations and Self-Calibration

In an interferometer array of N telescopes, the amplitude and phase of the correlator output for each
interferometer pair ij that can be attributable to effects that are telescope-based, i.e. atmospheric and elec-
tronic and other effects at an individual telescope, can be shown to obey the so-called closure relationships.
Recall from above that the complex gain factor at telescope i is G′

i = g′i · eiφ′
i , where φ′

i.

Given the three interferometer pairs formed by a triangle of telescopes, i, j, k, the closure phase of
the correlator output, A′O(t)eiΦ′O

:

Θijk ≡ Φ′
ij + Φ′

jk + Φ′
ki = Ψij + Ψjk + Ψki + (φ′

i − φ′
j) + (φ′

j − φ′
k) + (φ′

k − φ′
i)

= Ψij + Ψjk + Ψki,

the closure phase of the visibility we are trying to measure. All the telescope-based phases, φ′
i, φ

′
j, φ

′
k, are

canceled out in the closure phase.

Similarly, the closure amplitudes of a quadrangle of telescopes, i, j, k, l formed by

A′
ij ·A′

kl

A′
ik ·A′

jl

=
g′ig

′
jAij · g′kg′lAkl

g′ig
′
kAik · g′jg′lAjl

=
Aij ·Akl

Aik ·Ajl
.

There are two independent closure amplitudes for four telescopes, as one can replace ij, kl above by il, jk.
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With N telescopes in an array with no redundant baselines, there are (N-1)(N-2)/2 independent triangles
of telescopes, and therefore closure phases. This is because for each telescope, there are (N-1) choices of the
second telescope and (N-2) choices of third telescopes. However, the (N-1)(N-2) choices of second and third
telescopes include the same two telescopes twice, but in reversed order. Another way of looking at this is
that there are N(N-1)/2 interferometers and therefore correlator outputs, but there are (N-1) independent
telescope-based phases because one of the N telescope-based phases can be arbitrary in deriving the relative
phases of the interferometer pairs: N(N-1)/2 - (N-1) = (N-1)(N-2)/2. Similarly, there are N(N-1)/2 - N =
N(N-3)/2 independent closure amplitude relations.

In the hybrid mapping method, developed by Readhead and Wilkinson (1978) especially for VLBI,
the (N-1)(N-2)/2 closure phase relations are used to derive the N(N-1)/2 visibility phases. So, there are
(N-1) more unknowns than the available closure relations. The method relies on a model of a trial source
to provide (N-1) of the visibility phases to solve for the remaining visibility phases. This is done iteratively,
with succeeding iterations using improved trial sources based on the previous iteration.

An equivalent but more robust method was introduced by Schwab (1980) and Cornwell and Wilkinson
(1981), called self-calibration. This method aims to estimate the N complex telescope gains, G′

i (N gain
amplitudes and (N-1) gain phases), by minimizing the following quantity∑

time

∑
i<j

wij|O′
ij −G′

iG
′
j
∗ ·Vmodel

ij |,

where the summing over time is for a period long enough to increase the signal to noise ratio (SNR) but
short compared to the period of variability of the visibility (in particular of the phase), wij are weighting
factors dependent on the SNR of the measurements, and Vmodel

ij are the visibilities of a model source. The
above expression can also be written∑

time

∑
i<j

wij|Vmodel
ij | · |Xij −G′

iG
′
j
∗|,

where Xij = O′
ij/Vmodel

ij . The closure relations for both phase and amplitudes are preserved in this approach,
because the basis of the closure relations of telescope-based complex gains is maintained. If the model were
perfect then Xij would be proportional to G′

iG
′
j
∗. Effectively, the phase errors due to the atmosphere and

telescope electronics, baseline errors or position errors are transferred to the telescope gain phases in this
process. So, that dividing O′

ij by the applying the derived G′
iG

′
j
∗ leads to a self-calibrated visibilities, and

therefore an image, free of atmospheric, electronic, baseline and position errors, in the ideal case.

As the initial model, which could be the preliminary map of the source before self-calibration, is not
perfect, the end result requires iterations of this procedure, with each model improved by applying the gains
derived from the previous iteration.

In particular, note that the gain phases determined are all relative to the phases of the model source, so
the position of the image is only relative to the model source. Therefore, the absolute position information
of a self-calibrated image is lost.

13.4 Interferometry expressed in the Equatorial Coordinate Systems

In terms of equatorial coordinates, the right ascension (α) and declination (δ), the geometric phase,
corresponding to the geometric path difference between the arrival of the same wavefront, from the source
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element in the direction (α, δ), represented by the direction unit vector ŝ, at the two telescopes of an
interferometer, can be written as

φ(t) = 2π~D(t) · ŝ/λ = (2πD/λ){sinδD · sinδ + cosδD · cosδ · cos[αD(t)− α]},

where the right ascension of the baseline αD(t) changes with the earth rotation.

In terms of the rotating equatorial system, the hour angle (h(t) = t− α), where t is the Sidereal time,
and declination (δ),

φ(t) = 2π~D · ŝ(t)/λ = (2πD/λ){sinδD · sinδ + cosδD · cosδ · cos[hD − h(t)]},

where h(t), the hour angle of the source, changes with the earth rotation.

13.5 Residual Phase due to Baseline Errors

If we have a point source with accurately known positions, but the baseline is not well known, then the
visibility phase of the source is the residual geometric phase due to the baseline error −−→∆D = ~D− ~Do is

∆φ = 2π
−−→∆D · ŝ/λ.

The geometric phase can be written as follows

φ(t) = (2π/λ){Dz · sinδ + De · cosδ · cos[hD − h(t)]}

= (2π/λ){Dz · sinδ + De · cosδ · [cos hD · cos h(t) + sin hD · sin h(t)]}

= (2π/λ)[Dz · sinδ + cosδ · (Dx · cos h(t) + Dy · sin h(t))]

where Dx = De sin hD,Dy = De cos hD, and x is towards East and y towards the local meridian, facing south
in the northern hemisphere. Therefore

∆φ = 2π
−−→∆D · ŝ/λ = (2π/λ)[∆Dz · sinδ + (∆Dycos h(t) + ∆Dxsin h(t)) · cosδ],

or in terms of ∆De =
√

(∆D2
x + ∆D2

y) and Ψ = tan−1(∆Dy/∆Dx),

∆φ(t) = (2π/λ){∆Dz · sinδ + ∆De · cosδ · sin[h(t) + Ψ]}.

Thus, if we follow a source of known position continuously with a 2-element interferometer of uncertain
baseline, then the visibility phase due to the baseline errors will be a sinusoidal function of sidereal time
with a 24-hour period. The amplitude of the sinusoidal residual phase curve is proportional to ∆De. The
residual phase at h = 0 is dependent on ∆Dz, although for one source of a given δ, this is indistinguishable
from a constant phase error in the interferometer phase. So, to get the ∆Dz, one needs to observe many
sources at different δ. The phase of the residual phase curve Ψ gives the arc-tangent of (∆Dy/∆Dx).

In general, given one interferometer with uncertain baseline parameters, the best approach is to monitor
one source of known position continuously so that the 2π ambiguities in the residual phase can be followed.
The equatorial baseline errors can thus be determined first. After the equatorial component of the
baseline error vector has been corrected, the residual phase from observing sources at difference declinations
can then be used to determine the polar component of the baseline error vector. In another approach to
determining the baseline, one observes a large number of sources of known position at a wide range of h and
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δ over a short period of time to minimize the drift in the interferometer phase and fit the residual phase
measurements to the baseline errors.

13.6 Residual Phase due to position offsets

The residual phase factor due to the source element being offset by ~∆s = ŝ− ŝo from the source centroid,
defined by the direction ŝo = (αo, δo) (the phase center), is

∆φ = 2π~D · ~∆s/λ = 2π(ux + vy)

= (2π/λ)[Dz · cosδo ·∆δ −De · sinδo · cos(ho − hD) ·∆δ + De · cosδo · sin(ho − hD) ·∆α]

= (2π/λ){[De · sin(ho − hD)] · cosδo∆α + [Dz · cosδo −De · sinδo · cos(ho − hD)] ·∆δ},

where Dz = D sinδD and De = D cosδD.

Supposing the source is a point source of uncertain position offset from the phase center, with an array
of N telescopes, then simply making a map from the visibilities will produce a point source at the position
(x, y) in the map. However, we can determine the offset (x, y) of a point source even with a 2-element
interferometer, by measuring the visibility phase ∆φ(t) as a function of t,

∆φ(t) = (2π/λ){De · [sin(ho(t)− hD) · x− sinδo · cos(ho(t)− hD) · y] + Dz cosδo · y},

= (2π/λ){De ·A(x, y) · sin[ho(t)− hD + Φ(x, y)] + Dz cosδo · y},

which is a sinusoidal function with a 24 sidereal hour period.


