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12. SYNTHESIS IMAGING WITH AN INTERFEROMETRIC ARRAY

Reference: Principles of Optics, Born & Wolf, Pergamon Press. Chapter 10

At radio wavelengths, the angular resolution of a radio telescope with diameter D is ∼1.0 (λ/1 cm) (40
m/D) arc-minute. To accomplish high resolution imaging of radio sources, radio astronomers have developed
the technique of synthesis imaging using arrays of telescopes that have maximum separation ranging from
km to thousands of km. The resolution of the synthesized image is given by λ/D, where D is the largest
separation of the telescopes in the array. For the Very Large Array which has a maximum extent D of 35
km, and shortest wavelength of 7 mm, the resolution can be as small as 0.035”. For ALMA, the maximum
D is 15 km and shortest wavelength is 300 µm, so the highest resolution is 0.005”. In Very Long Baseline
Interferometry (VLBI), D is limited by the size of the Earth, but in space VLBI, D approaching 390,000 km
has been achieved in RadioAstron, providing resolution ranging from mas to 10 µas.

The best way to understand synthesis imaging is to start with recognizing that all the information
about the specific intensity distribution, or surface brightness distribution, of the source is contained in
the wave-front of the radiation from the source, i.e. E(r, ν, t). For example, an isotropic point source
produces a spherically symmetric wave that by the time it arrives at the telescope at a large distance, it is
well approximated by a plane wave. Such a plane wave has a constant amplitude across its wavefront. The
wavefront of a binary point source will have a sinusoidal variation of its amplitude in the direction parallel
to the separation of the binary source, i.e. it is the interference pattern of the two point sources.

A telescope directs the wavefront from a source to the focus to produce an image. In the process, the
E-field at the focus becomes the Fourier Transform of the E-field along the wavefront. The camera at the
focus turns the E-field into intensity (∝ E2), i.e. the image of the source. An array of telescopes samples the
two-point correlation (visibility) across the wavefront by pairwise correlating the electric field at separations
sampled by all the pairs of telescopes within the array. According to the van Cittert-Zernike Theorem in
optics, the visibility, which is a function of the projected separation of the telescope pairs on the wavefront,
is the Fourier Transform of the specific intensity distribution of the source, i.e. the image of the source. To
produce the (synthesized) image, the Fourier Transform is performed in a computer, after the visibility has
been measured by the array.

This chapter aims to quantify what has been described above.

12.1 Analytic Signals

The radiation from a real object is the sum of the radiation from a large number of radiators (atoms or
electrons), consisting of many wave-trains of finite extent and therefore polychromatic, i.e. more than one
frequency are present in the radiation. A general representation of a polarization component of the E-field
at a fixed point in space is

Vr(t) =
∫ ∞

0

a(ν)cos[φ(ν)− 2πνt]dν.

We can define the analytic signal as

V(t) = Vr(t) + iVi(t) =
∫ ∞

0

a(ν)eiφ(ν)e−i2πνtdν,

where
Vi(t) =

∫ ∞

0

a(ν)sin[φ(ν)− 2πνt]dν.
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In terms of its Fourier Transform,

Vr(t) =
∫ ∞

−∞
v(ν)e−i2πνtdν,

where v(−ν) = v∗(ν), since Vr(t) is real. And,

V(t) = 2
∫ ∞

0

v(ν)e−i2πνtdν,

where v(ν) = a(ν)eiφ(ν) and | v(ν) |2 is the power spectrum of the radiation that specifies the frequency
composition of the radiation. For a real signal Vr, v(−ν) = v∗(ν), which means the power spectrum is
symmetric for positive and negative frequencies. If the power spectrum | v(ν) |2 has a width B, that is small
compared to ν̄, the mean frequency of the signal, we can express

V(t) = A(t)eiΦ(t)e−i2πν̄t,

A(t) and Φ(t) will vary slowly compared to cos(2πν̄t) (i.e. 1/B � 1/ν̄), and

Vr(t) = A(t) · cos[Φ(t)− 2πν̄t],

Vi(t) = A(t) · sin[Φ(t)− 2πν̄t].

In such a quasi-monochromatic signal, A(t) is the amplitude envelope of a signal of frequency ν̄. The
signals received by a radio telescope can be described this way.

As the radiation from a source is the superposition of radiation from a large number of independent
radiators (atoms or electrons), the signal is not a definite function of time, but more precisely, it is a
Gaussian random process. In practice, to measure quantities such as the intensity of the radiation,
instead of the expectation values of the random process which are defined formally as ensemble averages, we
perform time averages according to

〈Vr 2(t)〉T =
1

2T

∫ T

−T

Vr 2(t)dt.

As T→∞, or T � 1/B in practice, where B is the bandwidth of the signal,

〈Vr 2(t)〉 = 〈Vi 2(t)〉 =
1
2
〈V(t)V∗(t)〉 =

∫ ∞

−∞
| v(ν) |2 dν = 2

∫ ∞

0

| v(ν) |2 dν.

Note that the time average is the same as the correlation function of V, C(τ) ≡ 〈V(t)V∗(t− τ)〉, with τ = 0.
Also, the analytic signal V is introduced because it is easier to manipulate than Vr, as will be demonstrated
below.

12.3 van Cittert-Zernike Theorem

Consider the radiation from a source, consisting of many elements each denoted by m, and two points
P1 and P2 at the same wavefront of the radiation, near the observer. The radiation can be considered as a
sum of the radiation from each source element. One component of the E-field observed at P1 is the spherical
wave from the source element m, represented by the analytic signal,

Vm1(t) = Am(t− Rm1

c
)
e−i2πν̄(t−Rm1

c )

Rm1

,
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which is a solution of the electromagnetic wave equation for a point source. Rm1
c is the propagation time

from the source element m to P1. As the radiation received typically has a bandwidth ∆ν � ν̄, the signal
is quasi-monochromatic and Am(t− Rm1

c ) is the envelope of the wave-train.

The radiation from the entire source received at P1 is V1(t) =
∑

m Vm1(t), and at P2, V2(t) =
∑

m Vm2(t).
The time average, or the correlation, of the radiation received at P1 and at P2 on the same wavefront is
called the 2-point correlation, or the visibility, defined as:

〈V1V∗
2〉 = lim

T→∞

1
2T

∫ T

−T

V1(t)V∗
2(t)dt =

∑
m

< Vm1(t)V
∗
m2

(t) > +
∑
m6=n

< Vm1(t)V
∗
n2

(t) > .

If source is incoherent, i.e. various parts of the source are uncorrelated with each other (i.e. statistically
independent),

〈Vm1(t)V
∗
n2

(t)〉 = 0 when m 6= n.

Therefore,
〈V1(t)V∗

2(t)〉 =
∑
m

〈Vm1(t)V
∗
m2

(t)〉,

which means that only the radiation from the same source element contributes to the correlation of the
radiation at P1 and P2. Now,

〈Vm1(t)V
∗
m2

(t)〉 = 〈Am(t− Rm1

c
)Am(t− Rm2

c
)〉 × e2πiν(Rm1−Rm2 )/c

Rm1Rm2

= 〈Am(t)A∗
m(t− Rm2 − Rm1

c
)〉e

2πiν(Rm1−Rm2 )/c

Rm1Rm2

If (Rm1 − Rm2) � the coherence length of the radiation = c/∆ν,

〈Am1(t)A
∗
m(t− Rm2 − Rm1

c
)〉 = 〈Am(t)A∗

m(t)〉.

〈V1(t)V∗
2(t)〉 =

∑
m

〈Am(t)A∗
m(t)〉e

2πiν(Rm1−Rm2 )/c

Rm1Rm2

.

In the continuum limit, 〈Am(t)A∗
m(t)〉 = 〈Vm(t)V∗

m(t)〉 × R2
m = ∆SmR2

m = Im∆ΩmR2
m = I(σ)dσ, where ∆Sm

is the flux and Im the specific intensity from the source element m. I(σ) is the intensity of the source and
dσ = dΩR2 is the area of the source element in the continuum limit, and

〈V1(t)V∗
2(t)〉 =

∫
source

I(σ)
eik(R1−R2)

R1R2
dσ,

where k = 2πν̄/c = 2π/λ. Now, expressed in terms of the coordinates of Pi, (Xi,Yi), in the plane of the
wavefront that is normal to the direction of the centroid of the source and the coordinates of the source
element S relative to the source centroid in the plane of the sky, (ξ, η),

R2
i = (Xi − ξ)2 + (Yi − η)2 + R2

and

Ri ' R +
(Xi − ξ)2 + (Yi − η)2

2R
+ . . . since R � ξ, η,X,Y,
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such that

R1 − R2 = − (X1 −X2)ξ + (Y1 −Y2)η
R

+
(X2

1 + Y2
1)− (X2

2 + Y2
2)

2R
,

where the second term on the right hand side of the equation is much smaller than the first, since the
dimension of the source is typically much bigger than the dimension of the array that samples P1 and P2,
i.e. ξ, η �

√
(X2 + Y2), and therefore can be ignored.

If we then set x = ξ/R, y = η/R, 2πu = k(X1 −X2) and 2πv = k(Y1 −Y2), I(σ) = I(x,y), dσ/R1R2

≈ dξdη/R2 = dxdy, we have the correlation of the radiation of the source at P1 and P2, also called the
visibility of the source,

Υ(u, v) ≡ 〈V1(t)V∗
2(t)〉 =

∫ ∫
I(x, y)ei2π(ux+vy)dxdy = A(u, v)eiψ(u,v),

where A(u, v) is visibility amplitude or fringe amplitude, and ψ(u, v) is the visibility phase or fringe
phase. This is the van Cittert-Zernike Theorem, which says that the visibility of the source is the
Fourier Transform of the specific intensity distribution of the source. The unit of visibility is the flux density
of the source, in Jy, × the bandwidth of the signal,∆ν.

In general, the E-field at P1 and P2 are measured by pairs of telescopes in an interferometer array that
are not aligned along the incoming wavefront. The relevant (u, v) are the coordinates of the projected
baseline vector lying in the plane of the wavefront, D⊥ = D− (D · ŝo)̂so, i.e. the component of the baseline
vector D = −−−→

P1P2 perpendicular to the source direction unit vector, ŝo.

In practice, the real and imaginary parts of the visibility are measured by a 2-element multiplying inter-
ferometer with in-phase and quadrature correlators, respectively. A correlator is a device that multiplies the
two input signals and sums the product. To obtain Υ(u, v) for all (u,v) therefore requires interferometers at
all spacings and orientations. As the earth rotates, the orientation and projected length of an interferometer
change and trace out a locus across the wavefront where the visibility is measured. This basic principle that
allows the (u,v)-plane to be sampled more extensively by a finite (and small) number of interferometers as
the earth rotates is called earth rotation synthesis. This method was first introduced by Sir Martin Ryle
of the Cavendish Laboratory in the University of Cambridge, for which he received a Nobel Prize in 1974.

The early arrays typically had at most a dozen telescopes, so adequate sampling of the (u,v)-plane
required the help of earth rotation. As the number of telescopes, N, increases and with the appropriate
layouts of the telescopes in an array, the number of pairs of interferometers, (N(N-1)/2), is large enough
to sample sufficiently the (u,v)-plane instantaneously without the help of earth rotation, speeding up the
synthesis imaging significantly. In the case of ALMA, the main array of 50 telescopes samples 1225 (u, v)
points at any given instant.

The visibility, or the two-point correlation, of the incident E-field at the same wavefront, is equivalent
to the two-dimensional spatial auto-correlation of the incident E-field across the wavefront. Thus, the
Fourier Transform of this auto-correlation is the square of the Fourier Transform of the incident field, which
is the intensity distribution, i.e. the image, of the source. So, sampling the (u,v)-plane by the pair-wise
interferometers of an array, such as the VLA or ALMA, can be thought of as synthesizing the aperture of
a telescope, with a diameter equal to the largest projected interferometer spacing, across which the auto-
correlation of the incident radiation across its wavefront is measured. The image is formed by the Fourier
Transform of the visibility in a computer. Making images using an interferometer array is via correlating
the wavefront across an aperture defined by the array. Thus, this imaging approach is sometimes called
aperture synthesis. Note that the function of the individual telescope in a synthesis array is not to focus
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the incoming radiation, but to measure the electric field at the position of the telescope. The key instrument
of an array is the correlator that correlates the electric fields from all the pairs of telescopes in an array.

It is instructive to compare synthesis imaging by an array to the imaging of a source by a telescope. A
plane wave from a point source in the direction (α, β) would be focussed at a point at the focal plane, defined
by (fα, fβ), where f is the focal length of the telescope. An equivalent way of describing this process is that
the E-field at the focal plane, V(fα, fβ) = Eoδ(k− ko), is the Fourier Transform of the incoming plane wave
E(ko) = Eoexp(jko · r), where ko is the wave vector from the direction of (α, β), and |k| = |ko| = 2π/λ. In
general, the E-field from a source is a superposition of plane waves from the various points of the source and
can be expressed as:

E(r) =
∫

E(ko)ejko·rdko.

As each plane wave E(ko)ejko·r is focussed to a point at the focal plane as E(ko)δ(k− ko), the total E-field at
the focal plane V(fα, fβ) is then simply E(k), the Fourier Transform of the incoming E-field. The intensity
distribution of the source is ∝ V2(fα, fβ) = |E(k)|2, the square of the Fourier Transform of the incoming
E-field.

Given the information of the source intensity distribution is contained in the wavefront of the incident
radiation, there are two different ways of extracting the image information - focussing by a telescope or
sampling the two-point correlation of the wavefront by an array of telescopes, as discussed above. The array
approach has the advantage of sampling the wavefront over (thereby synthesizing) a much larger aperture
than an individual telescope aperture, and therefore it can achieve much higher angular resolution.

12.4 Geometric Delay

Generally, the telescopes of an interferometer array do not always sample the same wavefront simul-
taneously, given the source is typically inclined to the earth’s surface on which the array is located. i.e.
P1 and P2 do not always lie in the plane ⊥ to OO′ (see figure). So, one has to delay the signal at one of
the telescopes by the geometric delay to the centroid of the source, τo = ~D · ŝo/c before correlating the
signals. The geometric delay corresponds to the path difference between the signals arriving at P1 and P2.
Compensating for the geometric delay is sometimes called delay tracking.

We would then obtain
〈V1V∗

2〉 =
∫

I(S)ei2πk(R1−R2)e−i2πντo
dS

R1R2

where the term e−i2πντo is the result of applying a delay τo to one of the signals before correlation.

In vector form,

2πk(R1 − R2) =
2π
λ

[|~R + ~P1| − |~R + ~P2|].

If we write ~R = −Rŝ, we have

|~R + ~P1| = R|̂s−
~P1

R
| ' R− ŝ · ~P1,

and therefore,

2πk(R1 − R2) =
2π
λ

(~P2 − ~P1) · ŝ =
2π
λ
~D · ŝ.
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If ~δs = ŝ− ŝo,dΩ = dS/R1R2, we have

〈V1V∗
2〉 =

∫
I(~δs)ei2π~D·~δs/λe−i2π[ν̄τo−~D·̂so/λ]dΩ,

=
∫

I(~δs)ei2π~D·~δs/λdΩ, if we set τo = ~D · ŝo/c.

Since 2π~D · ~δs = 2π~D⊥ · ~δs ≈ 2π(ux + vy), the last equation is the same as the van Cittert-Zernike Theorem,
which results because the geometric delay has been compensated for before the correlation of the two signals.

12.5 Phase Compensation

At radio telescopes, the signal is normally detected via heterodyne detection, which means the frequency
of the signal, ν, is first translated to a lower intermediate (IF) frequency signal at νIF. This is done in the
front-end receiver where the incoming signal is multiplied by a local oscillator signal at frequency νLO = ν−νIF
(in the upper side-band (USB) case.) So, when the signal of one telescope of an interferometer is delayed
to compensate for the geometric delay, the delay is applied to the IF signal at νIF instead of at ν. This
introduces a phase difference between the synchronized IF signals of the two telescopes of the interferometer
equal to 2π(ν − νIF) × τo = 2πνLO × τo, where τo is the geometric delay to the centroid of the source.
This phase has to be compensated for before the signals are correlated. The compensation is usually done
by introducing a phase correction to the local oscillator signal of one of the telescopes. This correction is
sometimes called ”fringe rotation” or ”lobe rotation.”

Therefore in practice, for the telescopes of an interferometer array to measure the visibility of the source
across the same wave-front, two essential operations on the signals before correlation have to be performed,
namely delay tracking and fringe rotation.

12.6 Geometry of an Interferometer Array

So, the van Cittert-Zernike Theorem says:

Υ(u, v) = 〈V1V∗
2〉 =

∫ ∫
I(x, y)ei2π(ux+vy)dxdy.

But, what is (x,y) and what is (u,v) ?

Consider the unit vector ŝo pointing in the direction of the centroid of the source and the unit vector ŝ of
another part of the source. The position offset from the centroid is given by −→∆s = (ŝ− ŝo) which is basically
perpendicular to ŝo, when ŝ is not very different from ŝo in the small field of view case. The component of
−→∆s along the right ascension direction is x and the component along the declination direction is y:

x = cosδo∆α = cosδo(α− αo) and y = ∆δ = (δ − δo),

where (αo, δo) is the right ascension and declination of the source centroid position. Thus, (x,y) represents
the angular offset from the centroid position of the source and the (x,y)-plane forms a tangent plane at the
centroid position of the celestial sphere.

The visibility of a source is only a function of the separation along the wavefront of the source, and
a wavefront is perpendicular to the direction of the source, or more precisely, the direction of the source
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centroid. Typically, the two telescopes of an interferometer do not lie along a wavefront, or equivalently, the
baseline vector, −→D, does not lie along the wavefront. So, the relevent two-point separation of the visibility
is represented by the projected baseline vector, −→D⊥, the projection of −→D on the plane perpendicular to
ŝo:

−→D⊥ = −→D − (−→D · ŝo)ŝo. The component of −→D⊥ parallel to x is called u and the component parallel to y
is called v. The (u,v)-plane is therefore perpendicular to ŝo and parallel to the (x,y)-plane.

How are (x,y) and (u,v) related to the equatorial coordinate system and calculated ? One can express
−→D, ŝ and ŝo, in terms of their respective right ascension and declination coordinates. i. e.

−→D = D cos δD cosαD î + D cos δD sinαD ĵ + D sin δD k̂,

ŝ = cos δ cosα î + cos δ sinα ĵ + sin δ k̂,

ŝo = cos δo cosαo î + cos δo sinαo ĵ + sin δo k̂,

where the unit vectors (̂i, ĵ, k̂) form a right-handed cartesian coordinate system with î pointing towards the
Vernal Equinox and k̂ towards the North Pole.

2π(ux + vy) =
2π
λ

−→D · (ŝ− ŝo) =
2π
λ

−→D · −→∆s.

By taking the differential of the dot-product −→D · ŝ with respect to α and δ, we get

−→D · −→∆s = D cosδDcosδosin(αo − αD)∆α+ D sinδDcosδo∆δ −D cosδDsinδo∆δcos(αo − αD)

= Desin(αo − αD) · cosδo∆α+ [−Decos(αo − αD)sinδo + Dzcosδo]∆δ,

where De = D cosδD is the Equatorial component and Dz = D sinδD is the Polar component of the baseline
vector. Thus,

u = Desin(αo − αD)/λ,

v = [−Decos(αo − αD)sinδo + Dzcosδo]/λ.

Interferometers with baselines along the East-West direction have Dz = 0. The equations above show that
their loci or (u,v)-tracks trace out ellipses in the (u,v)-plane as αD(t) varies as the earth rotates. And, the
ratio of the minor- to major-axis diameters is sinδo. The ellipse is not complete as the source is above the
horizon for only part of the 24-hour sidereal day.

12.7 Limitations of van Cittert-Zernike Theorem

The van Cittert-Zernike Theorem was derived under a number of conditions:

(1) Incoherent source: different parts of the source are independent of each other.

(2) Distance of the source is in the far-field limit: the wave-front deviates from a plane by much less than a
wavelength across the maximum extent of the two points where the E-field is correlated. i.e. δ = D2/R � λ,
or R � D2/λ.

For ALMA, Dmax = 15 km, λmin = 300 µm, so that Rmin ≈ 5 AU. For the Jansky VLA, Dmax = 35 km, λmin

= 7 mm, so that Rmin ≈ 1.2 AU. This means that the van Cittert-Zernike Theorem may not apply to
ALMA and the Jansky VLA observing the Sun or nearby planets at the maximum spacing at the highest
frequency.
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(3) R1−R2 � c/∆ν: ∆ν/ν < d/D, where d and D are the telescope diameter and maximum separation of
the telescopes in the array, respectively.

(4) Field of view or the angular extent of the source is small: i.e. (1− ŝ · ŝo) ≈ 0. In cases of syn-
thesis imaging at low frequencies (ν < 300 MHz), the field of view of a radio telescope can be large,
z = (1− ŝ · ŝo) ≈ θ2/2, where θ is the angle between ŝ and ŝo, may be no longer small, so that in the visibil-
ity

〈V1V∗
2〉 =

∫
I( ~∆s)ei2π~D· ~∆s/λdΩ,

2π−→D · ~∆s/λ = 2π(ux + vy + zw), and w = −→
D · ŝo/λ. The relationship of the specific intensity distribution

of the source I( ~∆s) to the measured visibility 〈V1V∗
2〉 is then given by

Υ(u, v,w) = 〈V1V∗
2〉 =

∫ ∫
I(ŝ− ŝo)ei2π(ux+vy+w(1−ŝ·̂so))dxdy.

This can be written as a 3-dimensional Fourier Transform, by introducing a delta function δ(1− ŝ · ŝo − z)
in the following

Υ(u, v,w) =
∫ ∫ ∫

I(x, y, z)δ(1− ŝ · ŝo − z)ei2π(ux+vy+wz)dxdydz.


